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Time | Vintage | Apin—1 | Apin | H{Tin = s A Apiy >0} | {7, = s A Ap;, < 0} ‘
t-1 - - - 0 0
t - - 0.1 1 0

t+1 t 0.1 - 0 0

t4-2 t 0.1 - 0 0

t+3 t 0.1 0.02 1 0

t+4 t+3 0.02 - 0 0

t+5 t+3 0.02 -0.05 0 1

Table OA.1: Example Dataset. Here, a product first changes prices at ¢ by 0.1, and then
again at t + 3, by 0.02, and once more at t + 5, by —0.05.

OA.A Additional Empirical Results

OA.A.1 Extensive Margin

This section contains results for the extensive margin. In particular, we consider the following

two regression specifications:

1{Ti,n =
1{’7'1'7” =

s A Ap;n > 0}

Fixed Effects + 8,Ap; -1 + Error, (OA.AD)

s ANAp;, <0} = Fixed Effects + 84Ap; ,—1 + Error, (OA.A.2)

where 1{7;,, = s A Ap; , > 0} is a dummy variable that equals 1 if the price increases at time
s and 0 otherwise. The second specification is the same, but for price cuts. Importantly, we
run the regression for all s until there is a price change. For example, suppose that a product
that has been observed since ¢ — 1 first changes prices at ¢ by 0.1, and then again at t + 3,
by 0.02, and once more at t + 5 by —0.05. Table OA.1 shows what the dataset would look
like. Essentially, the specifications (OA.A.1)-(OA.A.2) estimate how much the probability
of the price increasing (decreasing) in the next period changes based on the size of the last
price change.

Table OA.2 presents the results for the UK, and Figure OA.A.1 shows the results for
Argentina. As we can see, the patterns are intuitively consistent with the reversals in sizes
we documented above: price increases predict a lower probability of increasing the price
again, and a higher probability of cutting the price. For the UK, there are also significant

differences across categories by frequency: coefficients are larger in magnitude when the



Sales Filter By Ba

Low High Difference || Low High Difference
V-Shaped | -0.099*%** -0.219%%* | -0.120%** || 0.139*** 0.305*** | 0.166%**
(0.015) (0.012) (0.019) (0.021) (0.013) (0.025)

NS(A) | -0.068%**  -0.198%** | -0.130%** || 0.152%*F*F (.345%** | 0.194%**
(0.011) (0.015) (0.019) (0.023) (0.015) (0.028)

KM | -0.111%**%  -0.148%** | -0.037*** || 0.100*** 0.150%** | 0.050***
(0.011) (0.005) (0.012) (0.010) (0.006) (0.011)

Table OA.2: Estimates of predictability regressions (OA.A.1)-(OA.A.2) in different subsam-
ples. All regressions include time-by-cell fixed effects. “Low” corresponds to categories with
low frequency of price changes (below the average frequency of one price change every 9.23
months), whereas “high” means categories with high frequency. Each row represents a dif-
ferent treatment of sales: row 1 uses a V-shaped filter, row 2 uses Filter A in Nakamura
and Steinsson (2008), row 3 uses the Kehoe and Midrigan (2015) filter. Standard errors are
clustered by item.

frequency is higher.

For the Argentine case, the effect on the probability of increasing is more sensitive
during the Milei period, but the probability of cutting prices is less sensitive. Given that
inflation interacts with the probability of price changes in a non-linear way, it is less clear
what should happen with predictability coefficients: when inflation is as high as 25% per
month, there are essentially no price cuts, so affecting their probability is much harder. The
fact that I find an effect on the probability of price cuts for a period of such high inflation

is remarkable.

OA.A.2 Small and Large Chains

The UK database includes a classification of shop types in which the product is sold. Each
shop belongs to one of two categories: “Multiple” represents chains with ten or more outlets,
whereas “Independent” represents chains with nine or fewer outlets. Table OA.3 presents
the results when we run (3.1) splitting the sample by shop type. As we can see, no clear
pattern emerges: for the V-shaped filter the difference is not significant, whereas the other
filters show significant results, but in opposite directions. Overall, these results show that

the size of the chain does not correlate with the strength of reversals in a clear way.
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Figure OA.A.1: Estimates of extensive margin regression coefficients (OA.A.1) and (OA.A.2)
for Argentina.

OA.A.3 Correlation Between Frequency and Size of Price Changes

Figure OA.A.2 presents the scatter plot of the average size of price changes and frequency,
computed for each item in the UK sample. The red line corresponds to a fitted quadratic.
As we can see, the relation is non-monotone, and the R? is very low. This indicates that the

relation between these two variables is quite weak.

OA.B Additional Theoretical and Quantitative Results

OA.B.1 A Deeper Dive Into Existing Signal Extraction Models

Consider the setup in Baley and Blanco (2019). The true price gap z follows dx = odW +
o udQy, where u, (), is a compound Poisson process, where wu; is normal and @), is a counting
process. Firms do not observe the gap directly, but observe continuous signals s;, which
satisfy ds; = xdt + vdZ, where dZ is noise. Assuming profits are quadratic and overall
Gaussianity, the firm has two state variables: its perceived gap #; = E[x4|I;], and its uncer-

tainty about it, Q; = E[(z; — 4)?|I;]/7, where I; is the information set of the firm. Baley
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Sales Filter 1531

Multiple Independent | Difference

No filter | -0.745%*%% -0.504*** 0.240%+*
(0.013) (0.011) (0.017)

Flag | -0.505%** -0.450*** 0.055%**
(0.012) (0.009) (0.015)
V-Shaped | -0.347***  -(.364*** -0.017
(0.010) (0.014) (0.017)

NS(A) | -0.327%**  .(.373%** -0.04 7%
(0.010) (0.014) (0.017)
KM | -0.362*** -0.297*** 0.065*
(0.020) (0.029) (0.035)

Table OA.3: Estimates of predictability regressions in (3.1) in different subsamples. Per ONS
classification, “Multiple” represents chains with ten or more outlets, whereas “Independent”
represents chains with nine or fewer outlets. Standard errors are clustered by item.

and Blanco (2019) show that d = v/QudZ;, where Z; is a Wiener process under the firm’s
information set. Given symmetry of the setup, it is optimal for firms to close their perceived
price gaps in expectation, so price changes satisfy p,,  —pr,.., = —2,,. Consider now
the covariance between two consecutive price changes, where for simplicity we condition on
Tin—1 = t, i.e., the first price change occurs at time ¢ for all firms being compared. Given
that price gaps have mean zero, the covariance between consecutive price changes is thus
Cov(Apin-—1,Apin) = E[22,,,]. But E[2,2,, ] = E[#,E[Z,,,

Brownian process under the information set of the firm, it is a martingale, and since it starts

I]] = 0: since 7 follows a

at zero after reset, its conditional mean is zero. Thus, this model implies zero predictability.

While quite general, the proof above does not make the mechanism explicit when
considering standard signal-extraction problems. In order to shed light on this, consider
a stylized setup similar to Afrouzi et al. (2026). Assume a time-dependent model where
we reset deterministically every T periods as in Taylor (1979) and everything is Gaussian.
Assume the pricer has a prior pf ~ N (p;, U;), and each time we change prices, we get a signal
s = p* + o,u.! Assume that p* follows a Brownian motion, and the noise u is independent.
Assume that when an opportunity to adjust prices arrives, the pricer sets p; = p, i.e., it
fully closes its price gap. As usual, this is optimal if the profit function is symmetric and

there is no trend inflation.

! This is for analytical convenience. A similar point would apply if we continuously observed signals as in
Baley and Blanco (2019).
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Figure OA.A.2: Scatter plot of the frequency of price changes (number per year, horizontal
axis) and their average absolute size [Ap| (vertical axis). Each dot represents an item; the
circle’s size indicates the number of price changes in that item. The red line shows the fit of
the regression ml = 70 + N N; + 72(N;)? + u;. The figure also reports the corresponding
R?.

Assume that we are in a stationary environment, and that the best guess for the mean

of pf is updated according to
Prir = Kpe + (1 — K)seyr.

I study what happens with predictability for arbitrary values of K. Note that optimal

Bayesian inference for an agent that tracks p features:

1/Upr

K= 0+ ajo7y

Let’s derive the stationary values of uncertainty. First, note that after reset, uncertainty

starts at U and right before reset rises to U="U+ o?T, where o2 is the variance of the
1

fundamental. In order to find U, note that due to the Bayesian updating, 1/U = % + =
{02 ]

so U = Tt ot Putting both equations together we obtain P(U) = 0, where P(z) =
O—U

0T + +/(02T)? + 40202T
2

02T + +/(02T)? + 4020°T
2

2? — 0?Tx — 020>T. This has two roots, U =

- 2 2TYV2 1 Ag252T
one,UzU +4/(0 2) + 4020

. I take the positive

, and thus U = . Iterating



the updating equation backwards:

o0}
Perr = (1 - K) Z Ké3t+T(1fe)7
=0

and so:
o0
DT — Pt = Z (St47(1-0) = St47(-0)):

but serr(1-6) = Se+1(—0) = Per—e) — Prer(—e) + OulUerr(1-0) — Ursr(—¢)) and since pf g —
Piyr(e = o(Wizr(—ey — Wisr(—e), this has a normal distribution with variance ¢*T" (and
the increments are independent of each other). Let Ziyr-ty = Wisra—en — Wigr(—p be a

normal random variable with variance T'. Thus we can write:

0
Divr — D = Z UZt—i—T 1-0) + Uu(ut+T(1 —0) — UgT(— e)))
(=0

e ] e 0]
= Z Zira—o + (1 - K)o, (Ut+T - (1- Z utTE) ;

which can also be written as pryr — pr = K(pr — pr—r) + (1 — K)(0 Zt11 + 0y (ussr — uz)) and
thus

COV(ﬁHT — De, Dr — ﬁt—T) = Kvar(ﬁt - ﬁt—T) + (1 - K)COV(UZt+T + Uu(ut+T - Ut),ﬁt - ﬁt—T),

note that:
2 2
PN B o | o°T 9 (1-K)
Var(p; — pe_r) = (1 —K) [1—K2+U"(1+1—K2)
1=K »
= 1+K[ T +20.(1—K)],
and

Cov(oZyyr + ou(wer —we), pr — Pi—1) = Cov(ou(—us), pr — Pi—1)
= —(1-K)o?

u?



SO

. A 1-K
Cov(pryr — Pty Pt — De—T) = K(1 n K) [02T + 205(1 — K)] - (11— K)Qaz
_ 1-K 2 2 2
= 1K (Ko’T — (1 — K)%o;). (OA.B.1)

This expression shows the two effects of K: the part with the fundamental shocks generates

positive covariance due to under-reaction, whereas the part with noise generates negative

o
correlation due to correction of mistakes. Evaluating this at the Bayesian value K = 7 - >
+ 0
we get “
2 2
o o
_u O_QT — (1 ___"u )20_3
U+ o2 U+ o2

(U +02)o’T = U

This equality follows from the equation determining U. Thus, the covariance in Equation
(OA.B.1) is zero, and Bayesian updating implies zero predictability. This implies that in
a Bayesian learning model, if information is used optimally, there will be no predictability.
Note that this holds for any variance of the signal, so it does not matter whether o, is
endogenous or exogenous.

Using equation (OA.B.1), we can also see what would happen if K was set to a different
value. If K > ¢2/(U + 02), the pricer would underweight the signal. This underreaction
would lead to updating that is too slow, and thus the covariance of consecutive price changes
would be positive. In contrast, if K < 02/(U + ¢2), the pricer would overweight the signal.
This would give too much weight to noise, which would be subsequently corrected and thus
would generate reversals. I show in Section OA.B.2 below that a possible microfoundation
for the control cost model in Section 5.2 is obtained if we assume K = 0, so new prices are

obtained by putting full weight on new signals.

OA.B.2 Two-Layer Decision Process and Full Weight on Signals

Consider the general model in Section 5.2. Assume that the decision on when to change
prices is taken by a general manager that can perfectly observe aggregate profits but does
not know the exact price gaps of each product. This general manager delegates the decision
of choosing each individual price to pricing managers. Apart from the order to update prices,

no information is shared from the general manager to the pricing manager. As shown before,



the problem of the general manager can be characterized by
7

0 = min {pV — (=By + na?®V, + 20%yV,, + /@J max{V*(0) — (¢ + V(y)),0}dG(¥)), V(y) — V*(\I/)} ,
0

When the general manager chooses to reset, she delegates the decision of choosing new
prices to pricing managers, whose optimization problem I describe shortly. She correctly
anticipates that, after reset, she will get an expected value V*(0).

Turning to the pricing manager, they choose the new price to maximize the profits of

a given product line. Define:

e 8}
VP(2) = —BE[J e a2 dt]x(0) = 1,

0
where the expectation is taken both over time, and over the pricing decisions of other man-
agers. Letting x = p — p*, we can also write this as V?(p — p*). Assume, at the time of
reset, the manager has a symmetric prior about p*. However, before resetting, the manager
observes a signal s = p* + z*, where z* has some distribution with density f. Assume that

*

x* is mean zero and symmetric. Using only the information conveyed by the signal, the

manager has to choose the optimal price p.? First, note that:

max

D = arg mng[Vp(p —p*)lsl],

and the FOC is
E[VZ(p—p*)|s] = 0.

Now, note that if p = E[p*|s], given that both the prior and the signal are symmetric, the
posterior density for p* is symmetric. So p — p*|s is a symmetric distribution with mean
zero. Given that VP(zx) is symmetric, V? is antisymmetric, and thus E[V?(E[p*|s] —p*)|s] =
0, so p™>* = E[p*|s]. Given that, we need to characterize E[p*|s]. Using Bayes’s rule
f(p*|s)ocf(s|p*) f(p*), but f(s|p*) = f(s — p*). Assuming that the prior f(p*) is uniform
with increasingly large bounds (i.e., the pricing manager has a totally diffuse prior on p*), we

get f(p*|s) = f(s—p*), and thus the conditional distribution of p*|s is the same distribution

2T assume that the pricing manager does not use the fact that it was requested to reset its price to infer
the new value. While this assumption may sound extreme in the case with small n, when n is large the
idea is that the order to reset prices does not provide meaningful information about the reset gap of each
individual product.

10



of z*, but shifted by p*. And thus

E[p*[s] = fp*f(s—p*)dp*

= s—i—fzf(z)dz =

where I used symmetry in f and used the change of variables z = p* — s. Intuitively, since
the firm has a very flat prior on p*, its posterior mean equals the signal, which is noisy.

max

Thus the pricing manager chooses p = s = p* + x*, or written in terms of price gaps,
Ly

Now assume that the general manager can choose to expend effort to reduce the un-
certainty of the signal faced by the pricing managers. Intuitively, this would mean that the
general manager calls for more meetings or monitors the pricing managers more closely. In
particular, she can make the pricing managers have a distribution f by paying a cost C(f)

per product. The problem of choosing the distribution optimally is thus:

0 - gy g

which is exactly the control cost problem we have been working with.

Ny = 00 [ =1 Vi
1=1 0

i=

DiscussioN. The above justification formalizes the intuitive explanation given in Costain
and Nakov (2015) by explicitly considering the pricing process as driven by different agents
within the firm with different incentives and information. In this case, control costs are
interpreted as monitoring costs that a general manager can pay to make their prices be more
accurate.

Furthermore, in conjunction with the discussion in Appendix OA.B.1, it also directly
connects with the imperfect information literature. Relative to noisy information models,
the key departure is that no single agent is continuously tracking the desired price. Instead,
agents choosing prices give full weight to signals, which introduces noise into prices, which
is subsequently corrected. A corollary of this is that in the present paper, firms are fully
aware of changes in aggregate variables. Thus, any implications for monetary non-neutrality
are not driven by aggregate-idiosyncratic confusion as in the classical Lucas (1972) islands
model, or by firms slowly learning about changes in aggregate states, as in Mankiw and
Reis (2002); Sims (2003); Mackowiak and Wiederholt (2009). Relative to the infrequent
information literature (Reis, 2006; Woodford, 2009; Alvarez et al., 2011, 2016b), the true

11



value of the desired price is not perfectly observed at the moment of reset, and thus some

noise leaks into the price, which generates future reversals.

OA.B.3 Endogenous Reset Distribution

Consider the following specification of the price adjustment cost functional: C(F') = wé(f) +
0(1 — w)Z(F||F). In this case, C(F) has two components: first, a fixed cost of size wé(f);
second, a control cost (1 —w)Z(F||F), where as before Z(F||F) = {log (Zggg) dF(x) is the
relative entropy. As I show later on, the parameter w € (0, 1] can be interpreted as the share of

the cost that is due to standard fixed “menu” costs. Assuming F is a continuous probability
distribution and letting f be its density, the optimization problem in (4.2) can be solved
analytically as F'(x) = f(z)ocf(x) exp(V (2)/[0(1 — w)]), and letting V™ = max, V (z):

V*:Vm“+ﬂﬂ—u0bg(1wuﬂ@enﬂ@%@—(menﬂﬂl—wﬂﬁ&)—wd@,«M&BQ)

which holds for w < 1, and just V* = V™ — ¢(0) if w = 1. The value of adjusting is thus
V= Vmax (w0, f,V) where c(w, 8, f,V) is the cost of price adjustment. This resembles
the standard menu cost model, with the difference that the cost is endogenous. Letting

¢(0) = 0| log(0)|/4, 1 characterize the solution when # — 0 in the next set of propositions.

Proposition OA.1. Inaction Regions. Assume that C(F) = wé(0)+0(1—w)Z(F||F) and
(V,V* F) solve (4.1)-(OA.B.2). Fix w € (0,1]. Then, as 6§ — 0 the total cost of changing
prices, c(w, 0, f,V) becomes:

c(w, 8, f, V) =¢&(0) + o(flog(6)). (OA.B.3)

Furthermore, there is a nontrivial inaction region (—%,Z) with:

52 1/4
@:(igxewo (14 o(1)). (OA.BA)

In particular, x does not depend on w at leading order.

Proof. See Appendix OA.C.1. The key complication of the proof is to show that, despite
endogeneity, we obtain (OA.B.3). Then (OA.B.4) follows from the standard argument in
Dixit (1991). -

12



This proposition shows that as § — 0, the total cost converges to ¢(#). Since the
standard menu cost component is wé(6), w corresponds to the share of adjustment costs that
comes from menu costs. The mixed model is capable of generating inaction as long as there
is some fixed menu cost component (w > 0).? Furthermore, the size of the inaction region
is independent of the breakdown between menu and control costs at leading order. As a
corollary, inaction regions still scale with the quartic root of costs, so very small costs can
generate large inaction regions (Akerlof and Yellen, 1985; Dixit, 1991).

More broadly, as long as there is some menu cost, this result shows that both menu and
control costs are “perfect substitutes” for small values of 0: regardless of the breakdown, they
generate exactly the same inaction region at leading order. This result directly relates to the
sources of price changing costs. While the name “menu-costs” refers to literal physical costs
of changing prices, it is widely believed that these costs actually reflect managerial time or
information processing costs.® The result shows that the distinction is immaterial in terms
of the size of the inaction bands.

As the next proposition shows, however, there is a key difference between both costs:
as w < 1, there is a nontrivial asymptotic distribution for the reset gaps. The proposition

also shows that once properly scaled, reset gaps are asymptotically normal.

Proposition OA.2. Reset Gap Distribution and Expected Value upon Reset. As
0 — 0,
10/1og ()| V42" -2 N(0, (1 — w)A/302/2B).

The expected value upon resetting without accounting for the costs, E[V] = Siooo f(z)V(x)dx

18

(1—-w)o
2

Proof. See Appendix OA.C.1. n

E[V] = V™ — + 0(f) = V" + 0(0|1log(0)]).

We can directly see from the formula how different structural parameters map into
the size of mistakes. First, a higher share of control costs (1 — w) increases the asymptotic
variance: if precision is more costly, firms choose less precisely. If B is larger, the variance

of mistakes will be smaller: if the profit function has higher curvature, mistakes are more

3If w = 0, firms can sidestep adjustment costs by sampling infinitely often from the baseline distribution
for free. Once w > 0, this is no longer optimal and a standard inaction region emerges. This will not be an
issue in a discrete time setup, although in that case the definition of the time period is important, see the
discussion in Costain and Nakov (2015).

4For example, Stokey (2009) says that the fixed cost of changing prices is “interpreted as the time cost of
managerial decision making as well as the cost of printing a new menu”.

13
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Figure OA.B.1: Reset gap distribution, global solution (blue) and analytical approximation
(red).

costly, and thus the firm will optimally choose to minimize them by paying higher control
costs. Conversely, if o2 is larger, the firm will also make larger mistakes. Intuitively, larger
0% means that prices will change more often, and thus the firm optimally economizes on
price adjustment costs by having more dispersed reset prices.

Note that, since the convergence rate is quite slow, relatively large mistakes in price
space can arise even for very small information costs (as indexed by ). This is conceptually
similar to Akerlof and Yellen (1985): since the value function is locally flat close to 0,
deviations from the optimal price that are “large” in the policy space lead to “small” losses
in profits. This provides a theoretical argument for why relatively large ex-post imperfections

could arise even if control costs were small in practice.

OA.B.4 Quality of the Approximation

In this section I quantify the quality of the approximation. I set 0% = (0.1)%, p = 0.04, and
w = 0.5, so half the cost is the typical menu cost and the other half is the control cost. To
compute the global solution, I need to specify a baseline distribution f(z). I use a normal
distribution with mean zero and standard deviation 0.2, which is quite large relative to the

other parameters.

14
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Figure OA.B.2: Global (blue) and approximate (red) inaction thresholds as a function of .
Solid: w = 0.5, dashed: w = 0.1.

Figure OA.B.1 shows the reset gap distribution for 8 = (0.14)*, which generates inac-
tion bands of around 9.8 percent and a frequency of price changes of N = 1.2, quite close to
the UK data (where the average size is 9.8% and the frequency N = 1.3). As we can see, the
approximation is good even at these sizes. The true distribution has higher variance, and in
particular has higher probability of the reset gap falling outside of the inaction region. The
intuition for this is that, given that getting a more precise draw is costly, a firm may find it
“cheaper” to have many less precise draws (and, if we fall outside of the inaction region, we
reset again) than one very precise draw. Note also that, quantitatively, there is some decent
dispersion in reset prices.

Figure OA.B.2 shows the accuracy of the approximation for different values of w. As
we can see, when w = 0.5, the approximation is quite good for a large range of . However,
once we consider smaller w, the approximation quickly overestimates the true inaction region.
The intuition is related to the phenomenon discussed above: if w is small, then the fixed cost
of each draw is small, so the firm finds it optimal to pay this fixed cost several times and
sample from relatively bad distributions, rather than to pay the fixed cost once and sample
from a very precise distribution. Thus, the same phenomenon that makes basic menu costs

necessary to generate inaction also appears (in a less extreme form) when those fixed costs

15
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Figure OA.B.3: Global (blue) and approximate (red) reset distribution for different values
of 6. Horizontal axis normalized by the size of the inaction bands, i.e., 2 means x = 2.

are small. This shows that the necessity of some kind of additional force for inaction is not
a bug of continuous time, but rather a characteristic of this type of model, in which price
resets come with randomness but we immediately realize we made an error, and thus we can
potentially minimize pricing costs by sampling repeatedly.

Finally, Figure OA.B.3 shows how the true distribution converges to the analytical
approximation as ¢ becomes smaller. The z axis of all plots is in terms of the size of
the inaction band, i.e., 1 means x = x, 2 means z = 2x and so on. As we can see, the
distribution becomes more concentrated at 0 as # becomes smaller. This follows from our
earlier discussion on speeds of convergence: bands converge more slowly than the asymptotic
distribution, so even if we scale x by x we will still see the distribution converging to a point
mass at 0. This is also why the uncertainty about the reset price does not add an additional
cost that affects the inaction band: at this order, uncertainty goes to zero faster than the

other costs and thus does not matter.

OA.B.5 Extended Identification Result

This section provides an extended identification result. Under some regularity assumptions,

it shows how to fully recover F'(z) from appropriate generalizations of the regressions I run
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in the main text. Furthermore, in the case of n = 1, I provide an extension of the results
in Alvarez et al. (2021) that allows me to recover the hazard A(z) from the price-change
distribution ¢(Ap). Several of the proofs use similar techniques to that of Proposition 10,

which is covered in Appendix C.7.

OA.B.5.1 Identification of the Reset Gap Distribution

Consider the environment of the main text. Write A7;,, = 7;,, — 7i,,—1 for the duration

between consecutive adjustments, and interpret F.,

i,n—1

as the information immediately after
the previous reset, including 7, ; and Ap;,_;. Assume throughout that the moments and
weighted expectations used below are finite and that conditional optional stopping is valid.

Then:
E[(Apin)? — 0°ATi | Fry ] = El(a), — 25, )| Frl]
—20E[(z}, — x}, 1) (W;

+02E[(I/V’i,7'¢,n - Wi,Ti,n_1)2 - ATi,n
= E[(«*)’] + (2],,)?

- Wiﬂ—i,n—l) |f7_',n—1]

k3

‘7:7'1',n—1]

sTi,n

The final expectation is zero by conditional optional stopping for the squared Brownian
increment minus elapsed time, exactly as in Appendix C.7. The middle expectation is zero
because the stopped Brownian increment has zero conditional mean and the reset z7,, is
independent of the completed spell and has mean zero. Note that the conditional expected
duration can depend on the initial reset gap. Consider now a regression of this corrected
outcome on (Ap;,—1)?* for k > 1, with an intercept. Multiplying its slope by the variance

of the regressor recovers the covariance:

COV((Aan,l)mC, (Api,n)2 - O—QATi,n) = E[(Api7nfl)2k((Api,n)2 - O—QATi,n)]
_E[(Api,nfl)Zk]E[(Api,n)z - UQATi,n]-

By stationarity and symmetry, we can directly estimate the second term as:

E[(Apin) M E[(Apin)? = 0*(Tin = Tin-1)] = E[(Ap)*](Var(Ap) — o*/N).
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I now focus on the first term. Note that using the law of iterated expectations and condi-

tioning on F. :

i,n—1"

E[(Apin-1)* ((Apin)* = (T = Tin-1))] = E[(Apin-1)* (E[(=")*] + (7,-1)")]

Var(z*)E[(Ap)**] + E[(Apin_1)*(z*,_)?]

i,n—1

but since

E[(Apin-1)"(@70)’] = El(@F o1 = i)™ (27,20)°)]

= IE[(QZk: (ij) (:cznl)%j(—xi,n,nl)j> (27n1)°]

Jj=0

*®

we can use the fact that =7, _;

is independent of —x; -, , to write this as:

E[(Apin )™ (et )] = 2(2.’“)1@[<m:n1>2<’f“>J‘]E[(—xm,nm

j=o \J

now, by symmetry, the odd values of j just yield zero. Thus we can write:

Bl et = Y (5 BB

The minus sign disappears because only even powers remain. Thus, the covariances identify
sums of products of moments of * and z; -, ,_,. I show below how to use these expressions

to recover those moments separately using appropriate regression coefficients.

OBSERVABLE REGRESSION COEFFICIENTS. For each £ > 1, consider the two separate

population OLS regressions, each including an intercept:

(Apin)® = ook + Boi(Apin—1)* + Error, (OA.B.5)
AT;n = oz g+ B3 (Apin_1)** + Error. (OA.B.6)
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At k = 1, these are the regressions in the main text: 5271 = B, and 5371 = (5. Define the

observable corrected covariance

Cr = (Bak — 0 B3 1) Var((Ap)*™)
= COV((Api,nfl)zlz (Apl,n)z - O—QATi,n)-

Thus the slopes are used together with the marginal price-change moments. In particular,
Var((Ap)?*) = E[(Ap)**] — E[(Ap)?]?. If this variance is zero, the slope is undefined but
the covariance itself is zero and can be used directly. The duration correction retains the

covariance between duration and the previous price change; it does not set it to zero.

RESET AND PRE-RESET MOMENTS. In order to save notation, let

M2k = E[(x*)2k]7 Vor = E[(xiﬂ—i,n—l)2k]7 Mo = Vo = L.

be the corresponding moments. A similar argument to above (expanding the square and

using independence) yields:

E[(Ap)*] = El(@" - 7)™

B Zkl 2k
= 90 H2(k—e)Vae-

=0
Using that E[(Ap)? — 02A7] = 245 and replacing in the covariance above yields
" (2K ok
Cr = Z;) (2€)M2(k+15)y2€ — uaE[(Ap)~*].
The coefficient on the new reset moment pi9; 9 is one. All the other terms can be computed

recursively.

ITERATIVE PROCEDURE. The linear predictability regression in the main text identifies

pe = — 1 Var(Ap), 0? = NVar(Ap)(1 + 23,), N =
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These quantities are known before constructing any C%. Starting from g = 1y = 1 and the
identified o we can identify all even moments of z* and z;,, ,_, by iterating following two

steps for k =1,2,...:

k—1
2k
= E[(Ap)*] — pax — N OA.B.7
Vak [(Ap)™*] — paax ;<2£>M2(k OV, ( )
2k
poky2 = Ci + MzE[(AP)zk] - Z <2€>M2(k+112)V2€, (OA.B.8)
=1

where I follow the convention that empy sums are zero. At the start of step k, moments of z*
through order 2k and moments of z; -, ., through order 2k — 2 have already been recovered.
The first equation computes vy, using the observed marginal moment and those previously
recovered moments. The second equation then computes piox4 2 using the corrected regression
covariance and the newly recovered pre-reset moment. Neither step requires knowing the

hazard or either latent gap distribution in advance. For example, the first iteration gives

vy = E[(Ap)*] — po,
s = Cy + 12 = 12 + (B — 0 B5) Var((Ap)?),

which reproduces the fourth-moment result in the main text. The next iteration gives

vy = E[(Ap)*] — pa — B,
ps = Co + pE[(Ap)*] — 6pavs — povi.

Thus the regressions with the fourth power of the lagged price change identify the sixth reset

moment, after the second and fourth moments have been recovered.

UNIQUENESS OF THE RESET DISTRIBUTION. The recursion identifies every even reset mo-
ment from the even moments of the unconditional price change distribution, mean duration,
the linear predictability coefficient, and the sequence of squared-change and duration regres-
sion coefficients. Since all odd moments are zero due to symmetry, the above construction
allows identification of all moments of F'. It is not generally true that identifying all of
the moments automatically identifies a distribution. Thus, we need to further restrict the

admissible F' distributions such that the moments uniquely identify F'.

Assumption OA.1. The distribution ' has finite moments of every order and is uniquely
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determined by its moments.

One sufficient condition that guarantees this is Carleman’s condition, which states that
if the moments satisfy >, ,u;kl/ = +00, then the distribution can be uniquely recovered
from them. This condition essentially restricts very fat-tailed distributions. The generalized
normal distribution I use in Section 5.6 satisfies this condition whenever d > 1, which is

what I find empirically.

OA.B.5.2 Identifying the Hazard given the Reset Gap Distribution

The above result shows how to point identify F' by using regressions (OA.B.5)-(OA.B.6) and
appropriate unconditional moments. In this subsection, I show how to recover A(x) by using
the identified F' in conjunction with the distribution of price changes ¢(Ap). Throughout
the section, I assume that n = 1, as in Alvarez et al. (2021).

Assume that F is absolutely continuous with density f, and assume that £ = o0,
so there is no adjustment barrier. Assume also that 0> > 0 and 0 < N < oo. For the
Fourier calculations below, assume that ¢ is twice continuously differentiable, g,¢’,¢" €
L'(R), and g(z),¢'(xr) — 0 as |r] — oo. Finally, assume g(x) > 0 for all z, so that
the division by the stationary density is well-defined. The distribution of price changes
is q(Ap) = [ AE=ARIEZAD) £y, = [ A9 ¢ (5 1 Ap)da since Ap = 2* — x, and thus for
each possible Ap we integrate across pairs of x and z* that could have generated it. Let
h(w) = §°_ e ™*h(z)dz be the Fourier transform of a function h. Fourier transforms are
useful here because of two properties: i) the Fourier transform of a convolution equals the
product of the Fourier transform, and ii) they operate conviniently with derivatives, in the
sense that the Fourier transform of '(x) is iwh(w). Using these properties, we can obatain
that:

A

Ng(w) = fw)[Ag](w),

so knowledge of f(w) and the distribution of price changes §(w) allows us to obtain [AAg] (w)
and thus [Ag|(x) (i.e their product at each point) via the inverse Fourier transform. The

quotient is properly defined, since the moment-determinacy condition we have implies that
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f(w) # 0.7° In order to identify A(z), we need to separate g from A. Using the KFE,
A(x)g(x) = G¢'(x) + N f(z) so:

Now) = [159")+ NIGES G+ 2

Using the property for the derivative of Fourier transforms, we get:

where by symmetry of f and ¢g the complex conjugate equals the function. Since we know

f, we know f (w), and thus we can recover the stationary density of gaps g(w) as:

for w # 0 with f (w) # 0. At zero, the second-moment identity implies

Fw)? — 4(w) = E[(Ap);] T2 0 (u?) — ;;]w2 T o(w?).

Since f(0) = 1, the quotient converges to one. Thus we set §(0) = 1 and recover its values
at any other zeros of f by continuity, as above. Once we have §(w), we can use the inverse
Fourier transform to recover g(x), and then divide [Ag](x) over g(z) to recover A(x) almost

everywhere.

OA.B.6 Additional Discussion on the Structural Model

Here I present some additional discussion on the structural models in Section 5.6.

5If f was equal to zero on an open interval, all its derivatives would equal zero at an interior point wy.
Then f(x)[1 + e cos(wox)], for 0 < [¢] < 1, would be a different symmetric density with exactly the same
moments as f, contradicting moment determinacy. Thus no additional nonvanishing assumption on f is
needed.

6 Alternatively, the construction done in the previous part also gives the moments of the the distribution
of ; -, . _,. This distribution has a density proportional to [Ag](z). However, in order to use those moments
to point identify it, we would need to use similar assumptions of moment determinacy, in this case for the
density Ag/N, which is an endogenous object.
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-0.5 0 0.5
Price Gap

Figure OA.B.4: Stationary Distribution of Price Gaps. Blue: model with n — +o0. Grey:
Standard Calvo model (no mistakes), recalibrated to match the same variance of price
changes.

ON THE KURTOSIS OF A CALVO MODEL WITH IMPERFECT RESET. Some readers may
find the model’s kurtosis below six surprising, since it is well known that, in models with
perfect reset, Calvo hazards imply a kurtosis of 6, the maximum possible in this class of
models (Alvarez et al., 2016a). There are two sources for this discrepancy: first, variation
in realized price changes is driven by both variation in the price gap before reset and in the
reset point. That directly impacts the measured kurtosis, as shown in Lemma 3. Second,
the distribution of price gaps before reset is also affected by the randomness in reset gaps.
Figure OA.B.4 shows the stationary distribution of price gaps (which with constant hazards
equals the distribution of price gaps conditional on an ended spell) for the baseline model as
well as for a standard Calvo model with deterministic reset point at x = 0, recalibrated to
match the same Var(Ap). The figure shows that the randomness in the reset point smooths
out the distribution at 0. This pushes mass away from zero towards intermediate values of
x, thus lowering the kurtosis of the distribution of price gaps at reset, which further lowers

the kurtosis of the distribution of price changes.

FiT oF A CALVO MODEL ON THE EXTENDED SET OF MOMENTS. While our baseline
Calvo model fits N, Kurt(Ap), 51 and 55 quite well, the reader may wonder how this model
fits By and S5 separately. First, note that as n — +oo, the timing of the price change 7 does
not depend on the individual x;, of that product, and thus B3 = 0 for any parametrization.

Empirically, the specifications in Appendix A paint a consistent picture: 3 is negative and
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Figure OA.B.5: Estimated bounds relative to Kurt(Ap)/6/N (black), and estimates if we set
P35 = 0 in each realization (blue).

statistically significant. At the baseline specification, we have NA@,, = —0.178.

However, while statistically significant, its estimated values are economically very small.
In order to make that point clear, Figure OA.B.5 recomputes the bounds as in Figure 5.1a,
but setting 33 = 0 at each bootstrap draw. The resulting bounds are shown in blue. As we
can see, the change is minimal.

I also complement this evidence with some reduced-form simulations. In particular,
I consider models with n = 1, with a hazard A(z) = A\o(1 + A\;z?) where different values
of \; captures different degrees of state dependence. I assume that o? = 0.0082, and that
F is a generalized normal with b = 0.0726 and d = 1.11. These are approximately the
point estimates underlying the baseline model of Section 5.6. I consider four alternative
parametrizations for the hazard: 1) a Calvo parametrization, with A\g = 1.3 and \; = 0;
2) a parametrization with low state-dependence, where \g = 1.28 and \; = 0.3/(0.4%); 3) a
parametrization with state-dependence calibrated to roughly match the estimated hazard in
Gagliardone et al. (2025), which yields \g = 1.17 and \; = 1.5/(0.4%); and 4) a calibration
with high state-dependence with \g = 0.68 and \; = 20/(0.4?). The values of \y are chosen
such that all calibrations match a similar average frequency of price changes. I simulate the

price paths of 50000 firms for fifty years, where each time interval is set to a day (dt = 1/360).
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I burn the first ten years of the simulation, and then estimate the moments of interest on

simulated data.

) Calvo Low SD GG High SD
Ps (simulation) 0.009844 -0.229456 -0.771790 -2.649186

Table OA.4: Simulated moments across calibrations. “Low SD” has A\; = 0.3/(0.4%), “GG”
(Gagliardone-Gertler) has A; = 1.5/(0.4%), “High SD” has A\; = 20/(0.4%). All calibrations use g
adjusted to target frequency =~ 1.3.

Table OA.4 contains the results. As we can see, the low state-dependence calibration
roughly matches the estimated magnitude of §3. Under this calibration, a price that is
off by 40 percentage points is only 30% more likely to adjust than a price that is set at
x = 0. Another way to see that state-dependence is very low is that, under this calibration,
A(0) = 1.28, while the average frequency of price changes is around 1.3. Thus, this features
essentially Calvo adjustment. The table also shows how other calibrations that feature higher
state-dependence would imply much larger magnitudes for 35, which are counterfactual.
Overall, this shows that, while statistically significant, the magnitude of (33 is small, which

is consistent with models with very low state-dependence.

OA.B.7 Examples for Proposition 9

In all cases, take n = 1 so we are in a single-product case.

CIR = +00.  Assume:
0 ifjz| <z
Ax) = :

2N if x| > %
Assume f(z) is 0 for all x € [—(Z + €2),Z + €3], and has some distribution (which we later
specify) in the rest of the domain. Assume % = 0, so firms do not travel along the state
space. Given this, there are many invariant distributions (since we do not have mixing).

Assume the following symmetric invariant distribution:

o(z) = ;50 + ;f(x).

That is, half of the firms sit at x = 0, and the other half is distributed according to f(x),
which only has density in parts where A(z) > 0. Note that this is a proper invariant

distribution: for all firms with |z| < Z, they just stay where they are. For firms with |z| > Z,
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they are always outside the bands, they move with hazard 2N, and when they do they
randomly land in another place with density f(x). The KFE in this outside region reads:

2Ng = Nf
Nf(x) = Nf(z),

so it is trivially satisfied for any N. The price change distribution is given by the distribution
of % — x3, so we can match any Kurt(Ap) > 2 by choosing Kurt(z*). I now show that this
setting implies unboundedly high CIR. Assume there is a marginal shock of size J. Initially

all firms shift down in z. Then:

o Firms with |z| > T + &5 are all in the region where they can change prices, so over time
they reset with hazard 2N, and eventually all of them adjust. Thus the contribution
of this term to the CIR is finite.

o Firms with |z| < Z are displaced, but they never leave the absorbing region. Thus,
they never change prices, and have permanently negative z. Thus, —E[SSO zeds|x(0) =

x| = +oo for these firms. Since there is a positive mass of such firms, the CIR is +o0.

The key content of the example is that, once we allow errors, we can match pricing moments
without needing o?. That implies that some firms can take an unboundedly long time to

change prices for the first time, which makes the CIR diverge.

CIR = —oo. Assume again that 0? = 0. Assume that the reset price distribution is of the

following form:

—a  prob

—x prob %
T = A )
T  prob %

a prob 5

with @ > z, both arbitrary for now. For simplicity, I will assume that if a new draw falls

into the same spot, it counts as a price change of size 0. Assume the GHF is:

Alz) = ,
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€
let Ay = N }%; and Ay = N— where p is also chosen by us. Under these assumptions, the

invariant distribution is given by:

—a  prob §
—x prob 1%1’

1—p )
x prob =%

a  prob %

The key thing to notice is that since o2

= 0, there are only 4 values where we can be:
t+a,+z. In steady state, the mass leaving each point is Prob(# = y)A(y), and the mass
entering is N Prob(z* = y). Given our choice of the hazard function, this always holds, so
the mentioned distribution is invariant. It is straightforward to show that under this hazard,
the frequency is exactly N. Given that, the second step is to compute the m(z) function.

Given that z is fixed and the reset probability is known, we can compute it directly as:

m(zx) = —E[wa(t)dﬂaz(O):x]

0

o0
= —xf eNidt = — 2,
0 Ai

Given that, we can compute the CIR as:

N VRN SRS NS Sl S N
ME) = ~Doa=8)+ 5 a=8) =5 (5 (-2 8)+ 57 -5)
_ s lop 1y Sl-p 11
-t T T )
whereas for any 0 < 0, the same computation shows:
p, 1 1 l—p, 1, _ 1, _
) = —=(—(-a—0)+—(a—0)— —(—(—z—-0)+—(x—90
ME) = B (a=)+ 0= 8) = 5 (-~ =)+ (5= 0)
_ g i=p 1y S1-p 11
5()\2 2 ()\2 )\1)) 2 ()\1 )\2)’
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where :ilfp(ﬁ — )\—12) > 0, since Ay > A;. On the other hand, at exactly § = 0 we have

M(0) = 0 by construction. Thus, in the limit:

. M(6) — M(0) p 1-p 1 1. #52(L-1Y)
1 = —4+ —(—+—) —]———2 =
5i>r(l)l+ (S )\2 + 2 ()\2 + )\1) hm(;_,0+ (5 OO7

and

. M(5) — M(0) p o 1-p, 1 1 TR
] _ v ST T B VD T Y A
s 5 SV S W W A e *,

thus, the marginal CIR is minus infinity. I show at the end of this section that any kurtosis
of price changes above 2 can be matched by appropriately choosing ¢ and a. The idea is
that, in this case, there is a mass of firms very close to an inaction threshold. Since o2 = 0,
in steady state firms move in and out, but are always right at the threshold: there is no
diffusion term, so they just jump somewhere else whenever they get hit by the (generalized)
Calvo fairy. Once we do a marginal shock, these firms cross the inaction threshold, and thus
are much more likely to change prices. Since this mass of firms changes prices by a non-zero
amount, M(J) jumps at 0: any small monetary shock causes a positive mass of firms to
change prices. For a positive shock, this implies that a marginal monetary shock generates a

jump up in the price level, which implies a jump down in output. This makes the marginal
CIR “—o0”.

MATCHING ANY KURTOSIS ABOVE 2. In order to show this, note that Ap = x% — xf
so Kurt(Ap) = 1(Kurt(z*) 4+ 3). Thus, if we can generate any desired value (above 1) for
Kurt(z*), we are done. Say we want a kurtosis Kurt(z*) = K. Then direct computation

with this distribution shows:

ate + (1 —¢)

K= (a2 + 22(1 — €))2

Letting z = a?, for any K > 1 this describes a quadratic:
K(ez+7*(1—¢))? = 2Ze+1'(1-9),
if this has any positive real roots, we are done. Operating:

K22 +22%(1 —e)ez + 3 (1—¢)?) = e+ 7' (1—¢)
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2(e(Ke—1)) + 2K27*(1 —e)e) + ' (1 —e)(K(1—¢)—1) = 0
K273 (1 —e)e) + 3 (1 —e)(K(1—¢)—1) = z%(1 - Ke).

since € > 0, the left-hand side is an upward-sloping line. The RHS is a parabola
centered at 0, which is U-shaped whenever 1 — Ke > 0. Since we can make ¢ arbitrarily
small, just take ¢ = b% with b < 1, which ensures that the right-hand side is U-shaped.
Since the LHS is upward sloping and the RHS is a U-shaped parabola centered at 0, if the

roots are real there is always a positive one. In order to ensure there are real roots, we need:

(K(272(1 —e)e))* +47*(1 —e)(K(1 —¢) = 1)e(1— Ke) > 0
K2 47* (1 —e)?® +47*(1 —e)(K(1—¢) = 1)e(1 = Ke) = 0
K*(1—e)e+(K(1—e)—1)(1-Ke) = 0
K*(l—¢e)e+ (K(1—¢)—1-eK?*(1—¢)+ Ke) = 0
K*(l-¢)e+(K-1-K*(1—-¢) = 0
K-1 > 0,
which always holds since the kurtosis is always greater than one.
OA.C Additional Proofs
OA.C.1 Propositions OA.1 and OA.2
The value function in the inaction region is given by V(z) = —‘;—j = %22 + 2bcosh(\z),

where A = 4/2p/c2. We need to find the optimal inaction threshold, call it . By symmetry,
we only need to focus on one side, and we know that the maximum of V'(z) is attained at 0.

Assume the system we want to solve is given by:

2

0 = —Bi) + 2b(cosh(Az) — 1) + ¢(w, 0,0, x)
0 = —2B~ +2bAsinh(\z),
p

where the adjustment cost has the form:

(w,0,b,7) = =0(1 —w)log (F F(2) exp((V(2) = V(0)) /6((1 ~ w)))dz) - Ploslf),,
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with w € (0, 1]. Here, in order to adjust, you must pay a fixed cost _Hlng(G)

have to choose a distribution subject to a control cost 8(1 — w) {log(f(x)/f(z))f(z)dz. We

are interested in approximating the solution when # — 0. Using the second equation to solve

w, and then you

out b, we can write this as a single system with a single unknown:

x? 2Bx Bz

— BY 4 2P (osh(hr) — 1 9, — 2 ).
0 ) * pAsinh(\r) (cosh(Az) = 1) + e(w, 7,0)\sinh()\:L‘)’x)

(OA.C.1)

APPROXIMATION. Guess the solution has the form:

x = (A x 0|log 9|)1/4 + o((0|log 9|)1/2),

2Bx

= m, since Slnh()\x) = \x +

with an A to be determined. Approximating b(x)

X2% 4 O(20) as & — 0,

ba) — Bz B 1
pPAO + X2 1 O%))  pA? 1+ 22 4 O(at)

Expanding the reciprocal gives

B x?
+ O(x4)> = 5~ B, o),

A2
6

B

b(z) = W(1 -

Then from the expression of the coefficients of the value function:

B x?
b= el B@ + o((]log 6])?).

Thus the value function in the continuation region is:

Vi) = —BZE - BZ: + 2(;3;\2 — Bg;)(l + AQZ; + /\421) +o(z%)
= VO - BD 42 - BT o - BE N o)
= V0= BAL — 5+ N 2~ BN ol
= V(0) - BZQ[EIZAQ] + (pi - Bg;))\“f; +o(z),
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V(z) — V(0) Bz? 72 1 z2 Bz*

YN VANY) L N2 I B ¥ I 4
01 —w) 001 — w) [Gp)\ I+255 ~ )N g —wy T /D
_ B2? 9 1 VAL/O|log| ., Bz* 4
= i) 7A WOl +2(5 % = =15, Mg —w) TG /Y
B 1 z 2BVA o (2/01/%)*
= Tai-w <<e/|1og< >|>1/4> o A1 B
_\%B (2/61 /)4 \/>q/9|log9 o(=1/0).
12(1 — w) 6p
z
Lett = —————— Thendz = (/|log(#)|)/*dt. Thus, changing variables in the relevant
(61050 O/osl0))

integral:

[ e - vop - = @noson [ fo/ouo) )
exp((V((6/]108(0)) /1) = V(0)) /0((1 = w)))at
= @Mz | FO/10m(O))D)

2 4
exp< L [63(?_%) 21435 22 low(0)
() 2BVA

— —_— OZ4
24 Gp(1 — ) \| Tiog(@)] T /e)) o

As 0 — 0, m — 0 and , /m — 0, thus the only relevant part for the integral is the
first quadratic term. Thus:

fooo f()exp((V(2) = V(0) 6((1 = w)))d= = (6/|1og(8))/*f(0) x

f; exp <—152[2B\/ZA2]> dz + o((6/|log(6)])'/*),

2 6p

where the integral can be evaluated because it is Gaussian. Let

K = (0) ﬁo exp (-i[(ﬁjﬁ g)vo dt.

Substituting into the expression for c,

c(w,0,b,2) = —(1—w)flog(d)/4—0(1 —w)log(1/|log(0)])/4 + o(0|log(8)]) — Qlof(e)w’
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since the terms with K are scaled by 6 and thus go to zero faster than #|log(6)|. However,

note that:

o V08105 ol log(0))
60 6 log(6) 6-0  log(f)
11
UH yi Tog(@)] 0
- g

—lim ———— =0
=0 [log(@)] ~
and thus we can lump that extra term in the o(f|log(f)|) part. Therefore, the correct
approximation of the cost is:
0| log(6)|

c(w,0,b,z) = — T o(0|1og(0)|).

On the other hand, expanding the side of the equation with x to fourth order gives:

2 2B 2 2B ML 4 MZ 40
BL 4 .7x(cosh(/\x) -1) = Y M 24 (z%)
p  pAsinh(A\z) popPA A+ A%+ O(2d)

x2 x4
[L’Q EAQ? + )\4ﬁ + O(.%'G)

JE— + 5
PPN 14+ X% 4+ O(at)

- -B

Using that for z close to zero =1— 2+ O(z?) we have:

+z
x? 2Bx > B x? x?
~B~— + ——"——(cosh(Az) = 1) = —B~—+ = (22 + X +0@% ) (1- X" +0(@*
P +p)\sinh(>\x)(cos (A\z) — 1) P + P (a: + 12—1— () 5 + O(z"%)
2> B x? zt
_ —Bf = 2 )\27 _ )\27 6
p+p(:c+ 15 6+O(x))
B ,z*
_ _7/\27 6
thus, equating the leading terms:
llog®) _ B ot
4 - opl 12
120 ]log(®)] )"
= e )
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. - <6;2 X(9|1o§(9)|)>1/47

60
4B
. Thus, under this parametrization, the composition does not

0| 1og(6)|
4

which confirms the guess with A =
0]1og ()|
4

which is exactly the formula in Dixit (1991) for a
(small) menu cost ¢ =
matter: we always generate an inaction region as if the cost were . The error bound

follows from an argument similar to Dixit (1991).

ASsYMPTOTIC DISTRIBUTION. Given this, we can derive the asymptotic distribution. Given
our approximation of the value function, we know the asymptotic distribution will have to

scale with (6/|log(6)|)*/*. Looking at the resulting expression we have that:

2 2BvVA

f(z) o eXP(—g[mv])

12 1
eXp(_E—gﬂ)’
(1 — (.U)/\/ 5B

thus, formally, if 2* denotes the reset gap, we have

(6/1og(@))) 1t N0, (1 — o),

so from here we see that the asymptotic variance is increasing in 1 — w (the share of total
cost that is control costs) and o2, and it is decreasing in B (if there is higher curvature of the

profit function, mistakes are more costly, and thus the firm makes smaller mistakes in price
1/4

) ) .. e o2 0] log (8
space). A more friendly way to write this is that, along the limit = (% X (W)) :

SO

3(1 —w)o?d
% __d
T ANO ")

from here we can see that the composition of the costs does have an effect on the asymptotic
distribution: a higher share of menu cost (w close to 1) makes the asymptotic distribution
less dispersed. Yet a third way of writing it is in /% terms. In particular, the above way of

writing it implies that:

log(6) 2 1 N(0,(1 - )
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T N(0,
X

where we used that z? = %|910g(9)| and simplified. So we do get a “square root asymp-
totics”, but it is in % space, and since r also moves, the correct overall scaling with 6
is the one mentioned above. This also gives some intuition for the result below that the
uncertainty about the reset point does not matter at order 6|log(f)|: since the asymptotic
distribution converges to a point mass at zero faster than the bands, it cannot be the case
that the uncertainty about the reset point matters (at this order) for the determination of
the bands, since the bands converge more slowly than the reset price distribution. However,

1/2

the convergence rate is | log(#)|"/#, which is quite slow, so for small but not extremely small

0 the asymptotic distribution will be far from degenerate.

EXPECTED VALUE OF RESETTING. Given that we have the asymptotic distribution, we

can also try to compute the expected value upon resetting:

E[V] = JV(az)f(a:)da:.

174 _ /max
Using the approximation to the value function, V(x) = V™ 4 (1 — w)G((ai)_w)e we
have:
— max 1 Z ’ \/Z 2 6p(1— W)/\z
BVl =v —(1—@9[5 ((9/|10g(9)l)1/4> 61 - /2r(0)[log(O)) 2 |
1 z 2 \/Z 9
25 () Lot oD
z
Letti = SASNY2, then dz = (6/]log()]) VA [rA5 A"y and
€ ll’lg y (9/|10g(9)|)1/4 X [6,0(1 w) ] en az ( /| Og( )|) [ﬁp 1—w ] y an
thus:
1—w)f [ e
E[V] — Vmax o ( - w) 28 2

2 f
= V™ 4 (6] log(6))),

therefore, inaction is a consequence of the cost component of the control cost model: the
fact that x is uncertain does not matter at the leading order. Intuitively, given that the

order of the errors is small, even though we make errors in individual realizations, they go
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to zero fast compared to the curvature of V', and thus resetting with error has no effect on

the expected value of V' upon reset (to the leading order 6] log(6)]).

OA.C.2 Proof of Proposition 12

a; = (1 . fl cos (jm(u + 1)) dF(u)) (2)2 I _]g’[iz])”z.

g

Let

Then

1 c Aj2t
Y(t) = ﬁmza‘je J .

j=1

2
We first note that Y'(0) = 1. Indeed, for each u € [-1,1], 1—u* = 32, (1 — cos (jm(u + 1))) (l) ,

j=1 Jm
which is the standard Fourier series of 1 —u? on [—~1, 1]. Integrating both sides with respect

to dF(u) gives 1 — E[#?] = 2,21 aj, and therefore Y'(0) = 1. Hence

o8}
1-Y(t) = Z a;(1 ’\J2t

Substituting the definition of a;,

4 S 1—e
1=-Y(t) = 2 72 Z 2

1 — e>\j2t

4 s .

We treat the two terms separately. For the first term, the standard small-t expansion is

1— e)\j2t

Z = V=7t + o(\V1).

a0
Therefore . o

4 1—eMt 4/ —m At
Y = T L o(Vi).
m(1-E[2?]) = j* (1 — E[27])

Since A = —W, this becomes

2



It remains to show that the integral term is o(v/t). Define

0
Z j7Tu+1)

]:

1— eAth

]2

We need to show that S Hy(u) dF(u) = o(y/t). First, fix any 6 > 0. If ju| < 1 — 4, then
define the partial sums
Ap(u) = Z cos (jm(u+ 1)).
j=1
These are bounded uniformly in m and |u| < 1—0. In particular, let § = 7(u + 1). Then we

have A, (u) = 3,7, cos (j0). Note that using the formula for a geometric sum:

Z cos(j0) + isin(j0)) = Ze”e
j=1 i=1

0 1— ei@m
1—e?
Si0(m+1)/2 sin(m#/2)
sin(0/2)

= (cos(f(m +1)/2) + isin(f(m + 1)/2))

= €

sin(mé/2)
sin(0/2) ’

where I used that 1 — e = ¢™@/2(e7#/2 — ¢i#/2) = —2j¢®/2 sin(x/2). Considering the real part

only we have:

— 9 = cos(0(m sin(md/2) 1
JZZICOS(]G) = cosBlm+ D23 G S Tsm(@2))

but since sin(6/2) = cos(%*) this implies that |A,,(u)| < m S0 SUD,,, y1<1—s [Am(u)] <

1

SUP|u <15 coxgrrs) = a7 — Co Now let by(t) = €M™, Summing by parts:

Z )Jcos(jm(u+1 Z —b;1(t)).

j=1 j=1

Then
o8] 0]
D) eostimu+ D)€ s 4, 0] 0,00~ ya(8) < sup 4, 00 0) < s
i=1 i=1



Now note that for each finite m

u 1 — N r 2
Z cos (jm(u+1))—5— = —)\f Z cos (jm(u + 1))eN *ds,

j=1 J 0 5=1

. £ \i2 VA . .
since —\ So eMNods = 1 j.g . Using the uniform bound found above:

& 1— M

| Z cos (jm(u+ 1))

72
=1 J

t
| < —/\j Csds = Cit,
0

so letting m — +oo we obtain that |Hy(u)| < Cjt so |Hy(u)| = O(t) for all |u| <1 -6 as
claimed. Now use the assumption that £ has no atoms at —1 or 1. Given £ > 0, choose
& > 0 so small that F'({Ju| > 1 —0}) < e. Then split the integral:

1

Hy(w) dF (u) :f Hy(u) dF (u) + J' ) ),

-1 |lul<1-0

For the first part, we’ve shown that

< Cjt.

f ) )

For the second part,

< OVEE({Ju] > 1—6}) < Cevit.

f Hy(u) dF (1)
lu|>1—6

Uniformly in u e [1,1], [Hy(u)] < 32, =2 = O(/A).

j=1 3

H,(u) dF(u)| < Cst + Cev/t.

‘ 1

—1
Divide by v/t and let ¢ | 0. This yields

1]t _
lim sup — H,(u)dF(u
10 p\/f‘ 1 () dF ()

< Ce.

Since € > 0 is arbitrary,
1

H,(u) dF(u) = o(\/1).

-1
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Combining the two parts, we obtain:

2Nt

V() = 1=

+o(V/1).
as claimed.

OA.C.3 Invariance to Small Inflation Trend

The proof follows the same symmetry arguments as Alvarez et al. (2016a), so I keep it
relatively brief. The problem with trend inflation requires additional state variables. For the
manager, we can have the price gaps of individual products x; as states, which now follow
dr; = —udt + odW; independently. The HIBQVTI of this problem is:

2 7

0 = min {pv ~ (B — Wi+ TV + s [ max{V*(0) — (0 + V), 01dG(), V - (V*(\P))} ,
- 0

where V; = W . The max inside the integral operator indicates that the firm only resets if

doing so increases value. The value of resetting V*(0) is defined as:

V* O = maxJ J .%'1, RN/ f .%'Z)dm'z—@ Z Jlog (ﬁ(mz)/f(mz)) ﬁ(aﬁz)d.%'z stfﬁ(mz)dmz =1Vi.
{fi} i=1
First, note that if f is symmetric around 0, the cost of choosing f(z) = f(—z) is the same

as choosing f, since:

foo log(f(~=2)/f())f(—x)dz = foo log(f(w)/f(—u)) f(u)du

—Q0 —o0

- " log(f(u)/F(w)) f(u)du,

—0

where we just change variables and use symmetry of f. Given this, we start by proving some

symmetry properties of V(xy,...,z,;u) and f(z;p).

Lemma OA.1. V(xy,..., 2 —p) = V(=x1,...,—xn;p0), VF(0; ) = V*(0; —p) and f(x, p) =
f(—l’, _ﬂ)
Proof. Define Ul(uy, ..., up;p) = V(—uq,...,—uy;p), so that U; = =Vi(—u;p) and U;; =

Vii(—u; p) for all 4. Substituting x; = —u; into the original HIBQVI and using these relations
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yields:

i

0 = min {pU = <Z (—Bu? + pU; + g;Un») + K ) max {U*(0) — (¢ + U), 0} dG(@/})) , U— (U*(\Il))} :

where the sign on pU; has flipped relative to the original equation. This is precisely the
HJBQVI for an economy with drift parameter —pu. It remains to verify that the reset value
is self-consistent, i.e., U*(0; ) = V*(0; u). By definition:

o= [ [Viun i T da 05 o5

{fi}

) ) dus

Change variables y; = —u; and define ﬁ(yz) = fi(—w), so that § f,(yl) dy; = 1. The entropy

cost is thus:

(o) = o 25 0 = e 25 0

where the last equality uses the symmetry of f around zero. Therefore:

= max V(y; 1) Hfz yi) dy — 02 log | == | filys) dy: = V*(0; ).
<) fuoe(525)

{fi}

Thus U(u; p) satisfies the HIBQVI for the (—p)-economy with reset value V*(0; ). By
uniqueness of the solution to the HIBQVI, U(u;u) = V(u;—pu), which gives V(—x;u) =
V(z;—p), or equivalently V(xq,...,x,;—pn) = V(=21,...,—xy; ). In order to see that
V*(0; —p) = V*(0; u), take the definition of V*(0; ) and apply the first identity to write
V(x;p) = V(—x;—p), the same change of variables y; = —2; and fi(y;) = fi(—y;) (again
invoking symmetry of f) yields:

= mae [ [V w [T dy - 92]10g<f1 l)ﬁ(yz)dyz V0 ).

{fi}

Finally, the change of variables above defines a bijection between the feasible sets of the

optimization problems for p and —p:
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that preserves the objective value exactly. Since the KL divergence term 6, { log( fi/ ) f; dx
is strictly convex in f;, the optimizer is unique. Therefore, if f *(-; p) is the optimal posterior

for the case with p, then f*(y) := f#(—y; 1) must be the unique optimizer for the economy
with —p, giving f(z; p) = f(—2; —p). O

The fact that f(z, u) = f(—z, —u) implies that all even centered moments of z* satisfy
E[(z* — E[z*])"|n] = E[(z* — E[2*])™| — p]. Once we have that the value function is
symmetric, the generalized hazard function A(xq,...x,, u) = cG(V*(0; u) — V(x; u)) also
satisfies A(z1,...2n, ) = A(—2x1,--+ — x,, —p), and the same holds for the inaction set if
U < 400. In conjunction with f(x,u) = f(—x,—p), this implies that the probability law
for x;, with p has exactly the same stochastic process as w;; = —x;; with —p. Given that
price changes are Ap = x* — x, and since the distribution of z* under p is the same as —z*
under —u, and the same applies to x, we have that the distribution of Ap under p is the
same as the distribution of —Ap under —u. For the same reason as for x*, this implies that
all centered even moments are symmetric around p = 0, i.e., Var(Ap|u) = Var(Ap| — p),
Kurt(Ap|p) = Kurt(Ap| — p1), and so on. Finally, since the law of u;; is the same as that of
T;+, the invariant density satisfies g(x1, ..., xn; 1) = g(—x1, ..., —x,; —p). Thus, the frequency
of price changes N is also symmetric in g, N(u) = N(—p). Since all relevant moments for
the sufficient statistics result are symmetric around g, and for any symmetric function ¢ we
have that ¢'(0) = 0, this shows that all moments are invariant to p at p = 0 if we assume
that these moments are differentiable as a function of u. Since the reset gap distribution
satisfies those symmetry properties, it follows that 3, and 5 are also invariant to first order.

For the output IRF, once we have that g(z1, ..., z,; ) = g(—x1, ..., —x,; —p) and that
the hazard function and inaction sets satisfy the relevant symmetry properties, the same ar-
gument in the Appendix of Alvarez et al. (2016a) applies, and thus M (6, u) = =M (=4, —u),
so M'(0, ) = M'(0, —p), and thus once again, non-neutrality is invariant to p when p = 0.

OA.C.4 Proof of Calvo Hazard

First, using that the random menu costs have a mass point at zero and that ¥ — +4oc0. For
the purpose of this subsection and the next, let y = %Z?:l z? be the average squared gap.
This alternative convention allows us to see more easily what happens as n — +ooc. Then
HJB in this case reads:

2
pV = =By +o*V, + Q%y‘/yy + rmax{V* —V(y), 0},
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Note that in the case of perfect reset, V* = max, V (y), so the max{V*—V (y),0} = V*=V(y)
and we get the typical Calvo HJB. In the case of n — +oo, y* = D" (x;)%/n — Var(z*).
Since we are taking  — 4o, this implies we choose f* = f and thus V* = E[V (y*)].7

Using the continuous mapping theorem, we have that as n — 400, V* = V(Var(z*)).
Now, given the definition of y, its law of motion for an arbitrary n is given by dy = odt +
QUMdW. Asn — +o0, dy = o*dt. This implies that upon reset, y starts at Var(z*) and
deterministically increases. Since V (y) is decreasing in y, this implies that V(y) < V* for all
y = Var(z*). But since y can only be above Var(z*) in the continuation region, this implies
that max{V* —V (y),0} = V* —V(y) for all relevant y, and thus we get a pure Calvo hazard
for the relevant region.

Note that for an arbitrary, finite 8, there will be in general some values for which
V(y) > V*. This is because V* = E[V(y*)] — 0C(f*||f), so the “pure cost” component
OC(f*||f) will also appear. In that case, the model will behave similarly to a random menu
cost model where the cost of resetting if an opportunity arrives is not zero. Note this applies
even if n — 400 and the reset point y* is deterministic: given that the variance of x* is
costly, the firm will have incentives to reduce it and thus will pay a positive cost for it. But

this would imply that there is a region where V' (y) > V*, thus generating an inaction region.

OA.C.5 Calvo Model with Mistakes and Mean Reversion

OA.C.5.1 Optimality of a Constant Hazard

2

Consider a firm with profits 7 = —By where as in the previous subsection y = %Zyzl xs7,
with z; = p; — 2;, and dz; = —nz;dt + odW; and so dz; = nz;dt — odW;, and the Brownian
shocks of each product are independent. As before, whenever prices are reset, I impose that
all prices must be reset at the same time. Furthermore, assume as above that § — 400 so all
reset imperfections are drawn from an exogenous distribution F'. In order to get a recursive

representation of the problem, note that profits evolve as:

1 n
dy = - D 2w (nzdt — odW;) + o”dt
=1

= (an + 02)dt — QUdeyv

7 Alternatively, one can think that the cost functional is C(F) = 0 if F = F, and +o0 otherwise.
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now I have to deal with the w = %Z?:l Tz = %Z?:l(pi — 2;)z; term. Then:

1 n
dw = = (pi—22)(—nzdt + cdW;) — o”dt
w - ; 2)(—nzdt + odW,;) — o
= (—n(w —h) — ®)dt + a4/ (y + h — 2w) /ndW,,,
and thus we need to get the law of motion of a new variable, h = ZZ L 72, which satisfies:

1 n
dh = *E 22 (—nzdt + odW; 2dt
nl zi(—nzidt + odW;) + o
= (0% = 2ph)dt + 20/h/ndWj,

completing the other two yields:

dy = (2nw + o?)dt —204/y/ndW,
dw = (n(h—w)—oc?)dt+o\/(y +h — 2w)/ndW,,
dh = (0 — 2ph)dt + 20/h/ndWi.

For finite n, the three Brownian drivers are correlated because they are constructed from

the same product shocks. Where the denominators are positive, define

aw, = ) w )
Y N4 /1y + h —2w) vnh

Equivalently, the diffusion terms in (dy, dw, dh) are

n

i=1

which remains well defined when a denominator above is zero. As in the main text, €} is the
independent, mean-zero reset error, whereas the total post-reset gap is zf = (¢ — 1)z; + €.

Taking n — oo we have the deterministic system:

y = (2nw+o?)
o= (n(h—w)—o?
h = (c°—2nh).
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Assume the product-level desired prices are initially independent draws from their stationary

Ornstein—Uhlenbeck distribution, with variance 0?/(2n). In the large-product limit, h is

constant and equal to the unconditional variance of an OU process, h = % This reduces

the problem to:

. 2 2y _ _

Fgr any w(0), we can solve the second equation as: w(t) = —5-+(w(0)+ . )e™" = w(0)e™" —
g—n(l — e ™). Given this, note that under our assumptions firms reset to p; = ¢z; + €f so
w(0) = 13((E— Dz +ef)z — (6= 1)§. Since ¢ = L= ¢ —1 = ——1— and thus
w(t) = -2 ( e 4 (1 — e*"t)) . Essentially, w(t) starts at ——2—2 and decreases

_% pt+r+n pt+r+n 2n
monotonically and exponentially towards an asymptote of —‘2’—2. Given that w > —‘27—2 this
" "
implies that 2nw + 02 > 0, so y(t) starts at y(0) = (¢ — 1)%02?/(2n) + Var(e*) and increases

monotonically. We can solve for y(t) as:

t

y(t) = y(0)+ QnL w(s)ds + o*t

t
= y(0) — JQJ (—Mens + 1> ds + ot

0 p+K+n
p+r+n n

In order to see what this implies for profits, I guess and verify that the hazard is indeed
constant in the relevant range. In the limiting model considered here, reset is free at an
opportunity, so V* = V** = V(y(0),w(0)). From the guess, the value function V(y,w)

solves
1
pV = —By+ 2nw+ o)V, — 5(27710 + o)V + w(V* = V).

Given the Calvo hazard, the value function corresponds to the particular solution of the

HJB, which is linear in y and w as:

V =agy + aw + as.
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Plugging this into the equation we get:

pag = —B — Kay

pay = 2nag —na; — Kay,

and an equation for as. We can solve for ag and a; to yield:

B
pt+K

apg =

2nB
(p+r)p+rK+n)

a = —

This implies that V' is monotonically decreasing in both y and w. With that, we can evaluate

V' at each point in time as:

_ B s ptKr 1—e
Vo) = 3 (0 + LTI
B 2nB N U ot B —nt>)
(p+n)(p+n+n)( 2n<p+n+ne Flme)) ) tas
= o2Be™ ™ <1 ! — 2n i prr )—i—Constants.
np+r+n (p+r)p+r+n)2np+r+n
but
11 2 1 p+r 1 1 1 »
np+r+n (p+r)p+r+n)22mp+r+n  preE+n|n prr+n ’

since p + £ > 0. Thus, upon reset, the value function is monotonically decreasing over time,
iLe., V(y(t),w(t)) < V(y(0),w(0)) for all £ > 0, and thus the firm strictly prefers to reset
prices if given the chance to do it for free, so a constant hazard is optimal. Therefore, the
same justification as in the multiproduct case with n = 0 works: after the firm resets all its
prices, its profits worsen monotonically, and therefore the firm will choose to reset again if

given the chance to do it for free.

OA.C.5.2 Aggregation

The above derivation justifies equation (5.2). In this subsection, we derive analytical formulas
for the moments of interest. First, I derive the case without mistakes, and later on I add

mistakes.
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Perfect Reset.

Let 2z, = z;,,, denote the relevant variables at the time of a price change, where we drop
the 7 subscript. The subsequent derivations use the time-series expectations of the relevant
variables, but due to ergodicity these are equivalent to the cross-sectional expectations of

interest (see Hamilton (1994)). For the unconditional variance of price changes, we have:

Var(pn, — pn_1) = & Var(z, — 2,_1)
= 2¢%(Var(z,) — Cov(zn, 2n_1)),

but

COV(Zn7 Zn—l) = E[E[znzn—l |Ti,na Ti,n—l]]
= E[e "™ (2,1)°]
= Var(z,)E[e "™],

due to stationarity so

K
K+
2 (p+K)?
o 5 s
(p+ K +n)*(k+n)

Var(pin — pin-1) = 2Var(z)c*(1 —

)

when 7 = 0, this reduces to ¢%/k which is the usual formula. Note also that higher n (more
mean reversion) decreases the variance. This is intuitive: as the process for flexible prices
drifts less far, the size of price changes is smaller.

Throughout this derivation, A7, = 7, —7;,—1 denotes a spell duration, and p, = p;r, ..
Durations are independent exponential draws with rate x, independent of the desired-price
shocks and reset errors. Consequently the duration-regression slope is By = 0, so the adjusted

statistic 8, equals the raw squared-change slope (5 in this model. For 8, we need to compute:

5 Cov((zn41 — 20)?, (20 — 201)?)
b = Var((zn11 — 2n)?)

I use the following fact: if (z1, x3) are jointly Gaussian with mean-zero, then Cov((z;)?, (z2)?) =
2Cov(xy,x9)?. T apply this here conditionally on the stopping times. Since

Cov((znt1 — 2n)%, (2n — 2n=1)?) = E[Cov((zn+1 — 2n)% (20 — Zne1)?|Tns1s Tns Tne1)]
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+Cov (E[(zn+1 — 20) T 1, T T L E[ (20— 20e1) 2 Tnsts T, Tn—l])
= 2E[Cov((zn+1 — 2n), (2n — Z7L—1)|Tn+177-na7—n—1)2]
= 2Var(2)2E[(e "2+ — 1 — e AT HAT) y omnAT2)
= 2Var(z)?E[[(e7"2T" — 1)(1 — e "1ATn+1)]?]
= 2Var(z)2E[(1 _ eanrnH)z]z'

notice that

E[(Zns1 = 20)2|Tns1s Tny Tae1] = 2(Var(z) — Cov(zny1, 2n))

= 2Var(z)(1 — e AT+,

and analogously E[(2, — 2, 1)*|Tni1, Ty Tu_1] = 2Var(2)(1 — e7"2™) but since durations are
independent, the covariance term is zero. And for the variance:

Var((zn - Zn71)2) 2E[COV((Zn - anl)u (Zn - Zn71)|7—n+17 Tn,s Tn—1)2] + Var(E[(Zn - Zn71)2|7_n+17 Tn,s Tnfl])
2Var(z)2E[(2 — Qe*”AT")z] + 4Var(z)2Var((1 - e*”AT"))

8Var(z)2E[(1 — e "A™+1)2] + 4Var(2)2(E[(1 — e "A™)2] — E[(1 — e "A™)]2).

thus:

. 2Var(z)? (E[(1 — e 727)2])

8Var(z)?E[(1 — e=mA™)2] + 4Var(z)*Var(l — e=147)
(E[1 — 2e™m4™ + 6_277AT"])2

4E[(1 — e "87)2] 4+ 2Var(1 — e A7)’

2

but E[(1—2¢ 74T+t 4e 218T41)] = 1 -2 4 A and E[(1—e 727™)]? = (1—%77)2 = Gt

Kk+n  K+2n
Note that:

K K n?

+ —
k+n k+2n (k+n)?
(k +n)%(k +2n) — 26(k + 1) (k +21) + k(k +1)* = n?(k + 2n)
(k +n)*(k + 2n)
(n — k) (k5 +n)(x + 2n) + k(k +1)* — 7°(k + 2n)
(K +n)?(k + 2n)
(=3 (K +21) + k(K +1)?
(k +n)*(k + 2n)

Var((1 — e ™)) = 1-—2
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R((k +n)* = k(K + 2n)) K’

(k+n)?(k+2n)  (k+n)(k+2n)

Notice also that this gives us a clean way to compute the kurtosis of price changes, since for

any mean zero random variable:

Var(z?) = E[z'] — E[(z)?]?
= Var(z)*(Kurt(z) — 1).

So:
Kurt(Ap) = Kurt(Az)
= Var((Az)2)/(var(AZ)2) +1
201 _9_r_ K ar(z)? Gl
- SVar(2)"(1 = 2535 + ) + 4Var(2) (& +m)?*(k+21)
OVar(z) (L))
K K il
AR R e
()2 |
but
12 K N K - (k+n)(k+2n) —2k(k + 2n) + k(K + 1)

(5 +n) (K + 2n)
(n—k)(k +2n) + k(K + 1)
(K +n) (K +2n)
n* — K> +n(n — k) + k(K +1n)
(5 +n) (K + 2n)
2772
(k +m)(k +2n)’

SO

4> k1P
Kurt(Ap) — (k +n)(k + 27(727]%/)124— n)?(k + 2n) 1
_ 4n*(k +n) + Kn? .
(k + 2n)n?
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dk+n)+rK+(k+2n)  6(k+n)

(k +27) K+2n’
notice also that:
OKurt(Ap)  6(k +2n) —12(k +n)
on B (K + 2n)?
OKurt(Ap) _ —6rK <0,
on (k + 2n)?

and at 1 = 0 this derivative is —6/x.

ADDING MISTAKES. First, the variance of price changes:

Var(Ap,) = c*Var(z, — 2, 1) + 2Var(e¥)

2
= g
K+n

) + 2Var(e*),

where we use the value of Var(z, — z,—1) computed above. For the kurtosis, we need:

*

E[(Apn)4] = E[(c(zn — 2n1) + 25, — 5:0—1)4]

D
=
—
~~
[
~~
N

n = 2n-1))*(en — en 1)1 + 4B[(E(2n — 201)) (e — €7 1)’

2 — #n-1))'] + 6E[(€(zn — 20-1))*[E(e), — 7 _0)*] + El(e) —en_0)'],

but E[(e¥—e* |)?] = 2Var(e*) and E[(e* —¢* )] = 2E[(e*)*]+6E[(c*)?]* = 2Var(e*)*(Kurt(e*)+

n—1 n—1

3) and we have already computed the other moments above, so we get:
E[(Ap,)?*] = E[(c(zn — 2n1))"] + 12E[(¢(2n — 2,1))?*]Var(e*) + 2Var(e*)?(Kurt(e*) + 3),
and with that we can compute the kurtosis. For the predictability coefficients:

Cov(e(znt1 — 2n) + ek — €, l2n — 2n—1) + €} —€k )

Var(Ap,,)
Cov (E(ZnJrl - Zn)7 E(Zn - anl)) - Var(s*)
Var(Ap,,) '
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where we have computed the covariance already. Finally, for /s

5, - Cov((¢(zns1 — 2n) + ek — )2 (20 — 2nm1) + 5 — ek _1)?)
: Var((Apy)?) 7

for the numerator, note that:

(e(zn+1 —2n) +E041 — en)? = (elzntr—z0))? + 2(en41 — En)e(2n41 — 2n)
+Hehy —en)?

Znt1 — Zn)) +2(ep, Ent1 — € 2)e(2Zni1 — 2n)

+ €:+1) - 25n+15n + (5n)2'

Cov(...) = Cov

(

(
Cov(2(e 11 = en)c(znr1 = 2n), (E(zn = 20-1))?) +
Cov(2(epi1 —en)e(zni1 — 2n), 2(ep —en 1)e(2n — 2n1)) +
Cov(2(en 1 = €n)el(znr1 = 2zn), (€1 — €5 1)*) +
Cov((ens1 —en)®,2(eh — en_1)(zn — 2n-1)) +
Cov((er1 —en)® (en —en1)?).

where I omitted some terms that are clearly zero due to independence. Note that Cov((¢(zy4+1—
2n))?,2(e* —e*_)e(z, — 2,-1)) = 0 since the second part has mean zero, and we can use
independence. For the same reason Cov(2(ef,; —ef)c(zn+1 — 2n), (¢(2 — 2n—1))?) drops out.
2) and Cov((t,, -

A similar argument applies to Cov(2(e}, | — €X)c(2n41 — 2n), (€ — € 4

e¥)2 2(e* —e*_)c(zp — 2n_1)) - So we are left with:

Cov(...) = Cov((@zni1 — 20))% (€(2n — 20 1)) +
Cov(2(en sy — en)elzni1 — 2a), 2(€5 — €5 _1)E(2n — 20-1)) +

Cov((ek,, —e¥)? (ef — ek _)?).

We have already computed the first term. For the second term, note that both components

have mean Z€ero, So:
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Cov(2(en1 = €n)e(zni1 — 2n), 2(e5 — €5-1)8(2n — 2n1)) =

4Cov((zny1 — 2n)s (20 — 2n1))Cov(ek, | — ek e* —ek ) =

n’-n

46*Cov((2ns1 — 2n), (2n — Zn—1))(—Var(e*)),

and for the last term:

2 2

»(53_5:71)2) = Cov((ey, +1)

+H(ER)? (en)? = 2enen_y + (€5-1)%)
Var((e¥)?) = Var(e*)?[Kurt(e*) — 1],

Cov((en41 —€n) — 2654160

(
)

so putting everything together the numerator is:

Cov(...) = ¢&*Cov ((znt1 — 2n)%, (20 — 2n=1)?)
—4¢*Var(e*)Cov((2ns1 — 2n), (2n — 2n_1)) + Var(e*)?[Kurt(e*) — 1].

For the denominator:

Var((Ap)?) = Var((@(zns1 = 20))?) + Var(2(ej 41 — €3)e(zn1 = 2n)) + Var((e) 11 — €7)?)
+2Cov((e(zn+1 — 2n )2a2(5:+1 —en)e(zn+1 — 2n))
2 (€t — )

+2COV( (En+1 - r‘f::)E(ZnJrl - Zn)7 (€:+1 - E:)Q)'

~—  ~—

+2Cov((é(zns1 — 2n

but for similar reasons as above, all covariances are zero. Note also that Var(2(e},, —
e8)e(2n41 — 2n)) = 4Var(el | —ek)Var(c(zp41 — 2n)) = 8Var(e*)Var(¢(2,41 — 25,)). Also note
that:

Var((eh —€n)®) = Ellen, —en)'] —Ellen, —en)]”
= 2E[(")"] + 6E[(")*]* — (2E[()*])”
= 2(E[()*] + E[(£*)?]?) = 2Var(e*)*(Kurt(c*) + 1).
Thus, putting everything together:

B, = eACov ((zn+1 — 2n)%, (2n — 2n—1)?) — 482Var(e*)Cov({zn+1 — 2n), (zn — 2n—1)) + Var{e*)?[Kurt(e*) — 1]
2 Var((¢(zn+1 — 2n))?) + 8Var(e*)Var(c(zn+1 — 2zn)) + 2Var(e*)2(Kurt(e*) + 1)

CALIBRATING THE PARAMETERS FROM THE FORMULAS. [ take x as something we cali-

brate exogenously from the frequency, p as fixed, and 7 as something we calibrate externally.
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Our remaining observables are Var(Ap), Kurt(Ap), 51 and fy. First, for Var(Ap) we have:

2
Var(Ap) = &(—2—) + 2V
() = P 2o
and from Cov(Ap;.,, Ap;) = —(‘2’—202(#)2 + Var(e*)) = —(CQ";(W’ZH}Q + Var(e*)) so from
this, we have:
Var(Ap)(1+28,) = (-T2l "
P Yo K+ (k +1n)?
2 2 R
Var(Ap)(1+25,) = co CETE

which directly identifies 2. Given that, we can then identify Var(e*) directly. We then
have one parameter (Kurt(*)) to match both 5 and Kurt(Ap). I match B, and then see

how far off I am in the kurtosis. For the elements of (;, we have the following closed-form

expressions:
COV((Zt+Tn+1_Zt+7'n)27(zt+7'n_Zt"!‘Tnfl)Q) = 2var(z)2]E[(1_€_nAnH)2]2
27]2
= 92Var(z)? 2
O )
Var((zesm, ., — 2e4m))?) = 8Var(2)?E[(1 — ¢ "7+1)2] 4 4Var(z)?Var((1 — ¢ "A™))
_ of __Grtdn) o
= 4Varlz) (o-e TR )
COV((Zttrnys = 2t4ma)s (Fomn — Ztimasy) = —Var(z)(n/(n + r))?
Var((zusr = #em)) = 2Var() ()

so using that we can recover Kurt(e) from f, as:

ﬂQ [Var(é(zt+7n,+1 - Zt+7'n))2) + 8V&r(€*)var(é(zt+‘rn+1 - Zt-‘rTn))
+2Var(e*)?(Kurt(e) +1)] =
¢'Cov ((Zt4rmgs — zerm)?s (Zear, — Zt+7n71)2)
(

—4E2Var(6*)Cov((Zt+rn+1 — Zi4r,) (Ztir, = Zt4r,_y)) + Var(e*)?[Kurt(e*) — 1]
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SO
Kurt(e*) = (Num)/(Var(e*)?(282 — 1)).
where

Num = —fy[Var(c(zisr,,, — zt+7n))2) + 8Var(e*)Var(¢(2i4r, .1 — Zt47,)) +2Var(€*)2)]
+¢c*Cov ((Zt+m+1 - Zt+7—n,)2’ (Zt4r, — Zt+7'n_1)2)

AP Var(*)CoV(21r, 41 — 2ty )s (B, = 7t y)) — Var(e®)2.

OA.D Microfoundations and Approximations

The analysis in the main text uses several simplifying assumptions and approximations, such
as quadratic profits, continuous time, and computing the IRF based on linear formulas. The
underlying microfoundations follow from Alvarez and Lippi (2014). The specification for the
control costs, which allows us to write that problem as a function of a single state, is novel
to this paper. I also present the underlying discrete time approximation to the continuous

time specification used in the paper.

OA.D.1 General Equilibrium Setup

Time is continuous and indexed by t € [0, +00). There is a continuum of households with dis-
count rate p and utility § e=**[log(C(t)) —aL(t)+ log( Z0) DY]dt, where C(t) is a consumption
composite, L(t) is labor, M(t) is the nominal money stock and P(t) is the aggregate price

level. There is a continuum of firms & € [0, 1]. Each firm sells n > 1 different products, 1n—

dexed by i. The consumption composite is given by C(t (So o (Zia(t )ck,i(t))Tdk) -
where Z, ;(t) are preference shocks as standard in the hterature. Households maximize utility
by choosing ¢y ;(t), L(t), M(t) subject to a budget constraint:

0 +LOOQ(t)[ﬁ(t)+(1+TL)W(t)L(t) JZp,“ i (t)dE]dt = 0,

where Q(t) = e % R®)ds R(1) is the nominal interest rate, II(t) is aggregate profits, 77, is a
labor subsidy, W (t) is the nominal wage, and py;(t) are the prices of good i sold by firm
k. Note that due to the homotheticity of the aggregator, Sé S Pei(t)eni(t)dk = P(t)C(t).
Letting A\g be the Lagrange multiplier of the aggregate budget constraint, the FOCs for the
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household imply:

e Pt

M@ MQ () R(t)

ae = N(1+7)Q)W(t)

e”tctt)o(t)l/ﬁcﬁ/%zk,i(t))l”5 = AQOP(1).

Assume that money follows M (t) = M(0) exp(ut). This implies that for all ¢, R(t) = p + p
W(t) = 2 (r+ u)M(t) and Ay = ((p+ )M (0))!. From the FOCs for consumption and

1+7L
labor we have C(t) = H%VIL/T%) Using the FOCs for ¢ ;, C(t) and the last equation we
- —£
get ¢ (t) = (C)(Zy(t) ! (lfm plfv”(%)) . When considering the effect of a monetary

shock, I assume p = 0, and that initially M (0)/P(0) (where P(0) is consistent with the
invariant distribution of price gaps) is at steady state. I then consider a perturbed initial
condition M (0)e’ where ¢ is small.

The production function for good ¢ in firm £ at time t is linear in labor with pro-
ductivity 1/Z;(¢). Thus, Zy,;(t) indexes shocks to both preferences and technology. This
assumption is standard in the literature, and it allows me to reduce the firm’s problem
to a single state variable when Zj; follows a random walk. The nominal marginal cost

is thus W (t)Zy(t). The nominal profit for a firm & selling product i at price pi; is
NS
(C(H)E(Zpa(1)E (1 o pvf;z(%)) [ri(t) — W (#)Zy.i(t)]. Rearranging yields:

- o ﬁk,i (t) ¢ ﬁk,l(t)
woeo' (1 towe) ism

Given the CES structure, the static profit-maximizing price is pf () = gf—lel(t)W(t)
Pri(t)
p;’é,l-(t)
firm is W (¢)(C(t))* *II(xy, ;) where:

Letting x; x(t) = log be the price gap, the profit of a given product sold by a given

() = (5 fTLgf_l)—ﬁe—ﬁx(éflew —1).

Note also that TI(z)/TI(0) = e **(1 + &e* — &), which I use below. Given this, the aggregate

price index P(t) can be entirely characterized as a function of W (t) and price gaps. In
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particular, the ideal price index satisfies:

e (e 1/(1-6)
P(t) = W(t)gj (L Z eﬂf):}ck,idk) )
=1

OA.D.1.1 Firm’s Problem

The firm’s problem is to choose stopping times at which prices change, {7; };0 ; and, at time
7; conditional reset-gap distributions for each product, {f;}7, in order to maximize the

value of its nominal profits:

| [T (Swoncorne Ja- S Segiiao

The functional Co( 7] fi;¢(1;)) encodes costs of changing prices, for example menu costs or
control costs. It depends on the chosen conditional distribution for reset gaps f7;, as well as
the baseline distribution f;, which is taken as given by the firm. I specify the characteristics
of the baseline distribution below.

The process ((t) indexes randomness in price adjustment costs. I discuss some specifi-
cations below. Let II(2;) = II(x;)/I1(0), using that equilibrium nominal wages are constant
W (t)/W = e® and rescaling the cost function appropriately (and letting the rescaled function

be C), we can define the value (per product) as:

0 i=1

where C(f%||f;: ¢(75)) = n(o)lél —Co(f2:]1f5: ¢(75)) is the rescaled version of the cost of chang-
ing prices. Letting S(C(t),z;) = (%)1 To(z;) = (%)l Set7(1 + &e¥ — £), we can expand
it around C(t) = C' and x = 0 as

s, = 1+0- (=) Jamgp (CUZC) oo -,
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2

here I hat IF'(0) = 0, TI"(0) = —£(£ — 1 hus = oz
where I used that IT'(0) = 0, I1"(0) §(§ —1) and thus oC(t)ox;

S(C(t),z;) = 0. Letting:

e} 1 n 0 1 n _
Vo= E[J epth(—Bxf)dt—ZleijnZ;C(f;i||fj;C(Tj))]a
J= =

0 i=1

we can write:

V = I0)WeC V +u(8,{C(t)}) + foo e Po(||C(t) — O, a;]|?)dt,
0
where ¢(0, {C(t)}) collects all terms from S(C(t),z;) that are independent of xz. Note that,
for particular choices of C and some assumptions on the law of motion of z;, if B = £(§—1)/2,
V' satisfies the recursive formulas derived above, so this provides a formal justification for
the quadratic profit function as a second-order approximation to the true profit function.
For this approximation to be valid, deviations from the optimal price must not be too large.
This can be justified by taking the variance of idiosyncratic shocks and price adjustment

costs to zero at the correct rate. See Auclert et al. (2024) Online Appendix E for details.

OA.D.1.2 Specifications of Price Adjustment Cost Functional

In this section I describe several specific patterns of adjustment costs nested in the above
notation. Let ((t) be a compound Poisson process: jumps occur with arrival rate x, and
when a jump occurs, the size of the jump is ¢, drawn from a distribution G(¢)). Thus

¢(t) = Z{(f) 1; where N(t) is the associated Poisson counting process.

)

CALvO PrICING. Calvo (1983) pricing is obtained by assuming that, if d¢ > 0, C( j*l||fj, ¢(t) =
0, otherwise C(f%;||f;; (t)) = +o0.

FIXxeD MENU CoSTS. A model with fixed menu costs (Golosov and Lucas, 2007) is ob-
tained by assuming C( ]*1||fj, ¢(t)) = ¥ for all C.

RANDOM MENU Co0STS. The random menu cost specification in Alvarez et al. (2021) is
obtained by assuming that if d¢ > 0, C( J*Z||f]7 ¢(t)) = v; and otherwise C( ]*Z||f]7 C(t) = V.

Mixep CONTROL CoST, MENU COST MODEL. The mixed model in Section OA.B.3 is
obtained by assuming C(f%]f;;: C(t)) = 0(1 — w)I(f]1f;) + wé(8) for a fixed f;, and for all
¢(t).
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MixeED CONTROL CosT, RANDOM MENU COST MODEL. The mixed model in Section
5.2 is obtained by assuming C(f%;||f;; () = GI(fJ*szj) +qp; for a fixed f; if d¢(t) > 0, and
C(f1f5: C(X) = 0Z(f]1f;) + ¥ otherwise.

OA.D.1.3 Specification of the Baseline Distribution

Besides assuming that x; follow random walks, the other important assumption that allows
us to rewrite the problem as a function of a single state variable is to appropriately scale
fj so that everything only depends on the price gap. In order to see why, from the above
problem, assume that the firm’s profits only depend on x = p — z. Then I assume that the
reference distribution is indexed to z as f;(p|z) = f(p—2) = f(x). For the case in which z is
mean-reverting and there are control costs (Section 5.7), I assume that f;(p|z) = f(p — ¢2),

where cz is the optimal reset point in the pure Calvo model.

OA.D.2 Continuous Time as a Limit of Discrete Time

I write the model in discrete time, and then I will take the limit to get the continuous time
formulation. I consider the model without random menu costs, but the derivation can be
extended to that case.® Periods have length A. Assume each time the firm changes prices,
it solves a control cost problem with a cost functional C(F), with C(F) = ¢ > 0 for all F.
Let = be the price gap, and m(x)A be profits per period. Assume m(x) is bounded.” Then

the problem of the firm can be written recursively as:
V(z) = max{n(z)A+ e PPE[V(z + AW)],V*}
with  V* = max f (7(2)A + e PSE[V (2 + AW)])dF(z) — C(F),

where AW is the typical binomial step that converges to a Brownian motion increment.!’
Taking the limit as A — 0:

8With random menu (or control) costs, one needs to assume that in each period, the firm can adjust
prices with probability 1 by using a (high) cost functional C. If it chooses not to, it enters a lottery: with
probability 1 — e *?, it draws a cost functional from G, and then decides whether to adjust or not at that
cost. With the complementary probability, the firm gets no draw and thus has to keep prices fixed.

9This is required for technical reasons. An economic justification is that maximum profits are naturally
bounded, and that losses cannot be unboundedly large because the firm would just shut down.

10Ty particular, AW can take values ov/A or —ov/A with probabilities p = % and 1 — p respectively.
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V(z) = max{m(x)dt+ (1 — pdt)E[V(z) +dV],V*}

o
0 = max {(71’(1’) + ?Vm — pV)dt, V* — V(x)} ,
and we can drop the dt since at the solution the maximizer is zero, so the other argument
must be weakly negative, and thus the dt does not matter. Notice that once we take the

limit for V* we get:

lim V= max J(m«)A L PRV (2 + AW)])dF(x) — C(F)

A—0

~ max f V(2)dF — C(F),

where we can interchange the max and the limit because given my assumptions, (mw(x)A +
e PAE[V (z+ AW)])dF converges uniformly, i.e., lima ,osup_|m(z)A+e™P2[pV (z+VAc) +
(1=p)V(z = VA0 = V()| = 0"

OA.E Numerical Solution Procedure

In this section, I provide details about the numerical solution procedure. I use numerical
solutions for the n = 1 column of Table 2, and for the menu cost model with mean-reverting
shocks in Appendix B.1.1. In one case I solve an HJBQVTI in one variable, and in the other,
one in two variables. I treat those cases separately.

The reset-value notation follows the convention above: V*(¢) is net of control costs
and menu cost ¢, while V** is gross of those costs. In the algorithms, v*™ denotes the zero-
menu-cost net value V*(0) at iteration n; subtracting W therefore gives the full-cost reset
value. In the two-state model the same convention applies conditional on z, and control

costs are zero.

UTn particular, we assume 7(z) is bounded, which implies V is. This strictly rules out several basic func-
tions, but using an arbitrarily low lower bound we can get a good approximate solution to this. Furthermore,
in the numerical implementation we restrict the state space to live in a closed interval on the real line, which
essentially serves the same purpose as bounding 7 by its minimum value attained in the interval.
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OA.E.1 One Variable

VALUE FuNCTION. Take the state to be x, the price gap. The HJBQVT is:
o2 o
0= min{pV — (x(x) + SV + /{J max{V* (1) — V. 0}dG()), V — V*(D)}.
0

I solve this using value function iteration on a grid, using a semi-implicit scheme with finite
differences. I take an equally spaced grid that ranges from z; = —1.5 to zy, = 1.5 with
increments of A, = 0.01. Let m be a vector that contains the profit function evaluated at
each gridpoint. Define also a time step A; = 1/360 (so each step is a day). To deal with
the intermittent adjustment, I use an adaptation of the procedure explained in Moll (2017),
which is based on Huang and Pang (1998). These essentially show that each step of the
value function iteration reduces to solving a Linear Complementarity Problem (LCP), i.e.,

for given B and ¢, find z that satisfies:

Z(Bz+q) = 0 (OA.E.1)
> =0 (OA.E.2)
Bz+q = 0, (OA.E.3)

where B is an N, x N, matrix, z and q are N, x 1 vectors, and the inequalities mean that all
elements of the corresponding vector are nonnegative. Given this, Algorithm OA.1 explains

how to solve for the value function.

Algorithm OA.1. Value Function Iteration: One State. Before starting the main
loop, precompute the N, x N, matrices A and B = (p+1/A;)I—A. The matriz A corresponds

to an appropriate finite difference approzimation of the operator L|V] = "72‘/},;:0, in this case
fori=1,... Ny, Aiio1 = Aijs1 = 2(271)2, A = —d%/(AL)?, and the rest of the elements

O, Then, for any given guess v™:

i) Compute v™" = maxv" and v*" = v™*" + O log({ exp((v™(x) — v™*")/0) f (x)dx)
it) Compute the expected value of adjusting for each v}, EI' = S(\)Il max{v*" — 1 —
vl 03dG (V).
iti) Construct S™ = v*" — ¥ and ¢" = BS" —v"/A; — (7w + KE™). Find the solution to
the LCP (OA.E.1)-(OA.E.3) using an LCP solver with B and ¢q". Denote the solution z".
7|

are zero. Initialize the algorithm with a guess v

n+1
i T Ui

iv) Update the value function to v = 2" + S™. Compute Error = max; |v
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If Error is below tolerance, stop. Otherwise, return to step 1).

I use a tolerance of 1078, I compute the integrals using Gauss-Legendre quadrature:
I compute the GL nodes and weights in the interval [z1,2n,]. I use 200 nodes. Letting
GL

¢ wP be the nodes and weights respectively, I evaluate the integral as {exp((v™(z) —

v [0) fx)de ~ 3N wSE exp((v™(aFL) — v™5m) /6) f(2ST), where v™(z81) is computed
from the grid via linear interpolation. For the random menu costs, I use a discrete distribu-
tion, so the integral is a sum weighted by the corresponding probabilities. This algorithm
yields a vector v which approximates the value function on the gridpoints. As a byproduct,

at the last step I also store v™** v* and A.

HAzARD FuNcTION. With the objects mentioned above, we can directly compute the
hazard function at gridpoint i as A(z;) = A; = Kijjl 1y _y,—v;=0Prob(¢) = ;). 1 then
account for the strict inaction threshold by setting A; = 1/A; for all ¢ such that z; = 0 in
the LCP solution at the final iteration.

RESET GAP DISTRIBUTION. For each gridpoint, I construct the unnormalized density f
as f; = fx;)exp((v; — v™)/0) and then the normalized density fi = f;/(3N" fild,). 1
then compute a probability mass function of landing in each gridpoint (which is what I
use computationally) as dF; = Sxﬁizg x)dx where f(z) is constructed from f; via linear

interpolation, and the integral is computed via a trapezoidal approximation.

STATIONARY DISTRIBUTION, PRICE CHANGES, AND REGRESSION COEFFICIENTS. Given
that, T adapt the algorithm from Moll (2017) as follows: starting a period, there are two

subperiods or “steps”:
1. Apply the diffusion operator A”.

2. The decision of whether to change prices is made: for each x , a fraction A(z)A,
adjusts, and the rest remains at its current price. Out of the fraction that adjusts,

they go to 2/, where 2’ is drawn from F(z).

In matrix terms, let g" be the distribution at step n. Then:

gn-‘rI/Z _ gn+ATAtgn+I/2
gn+1 _ an+1/2,
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with C' = I —A,diag(A)+ A dFA’, where A is a vector that evaluates A in the gridpoints, and
dF is a vector with elements equal to the probability of x falling in that gridpoint under the

stochastic choice, constructed above. Notice that since dF' sums up to 1, then the columns

of C' all sum up to 1, and, provided that 0 < A;A; < 1 for every gridpoint, its entries are

nonnegative. Under this time-step condition it is a proper transition matrix. We can do an
implicit step in the first part, so g"*/2 = (I — ATAt)~'g" and thus ¢"*' = C(I - ATAt)"'g,.
We can find the stationary distribution by iterating this update. Given any distribution g,

we can compute several moments of interest.

1.

The distribution of x conditional on a price change at time ¢ is g = A. = gF"™ /(A gF™)
where g7 = (I — AT At)™'g is the distribution after idiosyncratic shocks hit but before

any price adjustment was made, A. = gP" is the elementwise product of A and ¢gP™°.

. The frequency of price changes at each A; is f = A;A’¢gP™¢, and thus the number of

price changes per period is N = f/A,.

Letting f be the density of x conditional on a price change, the density of the distri-
bution of price changes is f(Ap) = > ., G X fi(z + Ap) where f; is the density of the
reset x conditional on reset. Basically, for each = we ask: what is the “probability”
density that the price increase is A7 And then we integrate (sum) over all x to obtain
the total density.

Given that, we can just compute the share of price changes that are increases/decreases

and then obtain frequencies of price increases/decreases.

. We can also compute the average size of price increases, decreases, etc., all from f(Ap).

For predictability coefficients, since we use a model with no inflation trend, I com-
pute E[e"] = SV, widF, Vare®) = S (x; — Bla*]dF, Kurt(@®) = (5% (x; -
E[z*])dF;)/Var(x*)?. Given this, I use the formulas in Proposition 10 directly to com-
pute 51 and [,.

OA.E.2 Two Variables

I write the theory in terms of ¢ = log(P/(W¢/(€ —1))) and z, thus we have:

dg = —pdt
dz = —n(z—2z)dt + odW,
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and the HJIBQVI for a general random menu cost model is

0 = max {F(q, z) —uVy—n(z —2)V, + %Q(VZZ) + 1 | max {V*(2,0) — V(q,z) — ¥,0} dG(¢) — pV,

VH(z,¥) = V(g 2)} . (OA.E.4)

For numerical implementation, we create a two-dimensional grid on X x Z where
r = q — z. Importantly, we make the step size the same for both dimensions, to avoid any
interpolation. My grid for x goes from x; = —0.5 to zy, = 0.5 in increments of A, = 0.02.
The time step is the same as before. My grid for Z runs from z; = floor(—34/02/(2n)/A,) A,
to zny, = —21, i.e., I essentially cover three standard deviations of the stationary distribution
of z on each side. I numerically solve the problem with states X x Z, in order to keep a

smaller grid in X. This way, I approximate the derivatives as:

« For V,, we simply use an upwind scheme. If —p < 0, use the backward difference,V), =

Az Az

o For the derivatives with z, note that fixing ¢ means moving x in the X x Z grid.

, if —p > 0 use the forward difference: V, =

Thus, we can use an upwind scheme for —n(z — 2)V, as follows. If —n(z — z) < 0,
Vij — Vit1,5-1

Az
/l)‘_ . J— U, .
% where note that we are moving in the ¢ direction with the
2

opposite sign. For the second derivative, we can use the central difference V,, =
Vic1j+1 — 2V + Vig1,j—1

(Az)?

use the backward difference V, = , otherwise use the forward differ-

ence V, =

« For boundary conditions, I use a reflecting boundary for z (so V, = 0 for all z when 2
is at the boundary) and use that the grid is large enough for x to also impose V, = 0
at the boundaries of z, since the idea is that we are in the adjustment region with
probability 1, and thus V' is invariant to x in this region since we adjust anyway.
In particular, this implies the following adjustments when constructing the first and
second derivatives. If ¢ = 1 or I then V, = 0, which we account for by putting zeros
in the corresponding row. For derivatives with respect to z: for the first derivative use
that vy ; = v1; and vr41; = vr; and replace that in the proper upwinding scheme. The
same goes for the second derivatives.

. Vi—1,5+1 —Vij .. . —V; i+ Vig1-1
e Ifj=1,thenV,, = —2—_ " if j = Jthen V., = J J
J , then (Az)? , 1t 7 en (A2)2

last part does not work if we are at the boundary for both x and 2. In that case, since
Vij+1 — Vijj or V.. — —Vij + Vij-1
zz — T /A N9

(Az)? (Az)?

. Note that this

Vi—1,j+1 = Vi j+1 WE US€ ‘/zz = respectively.
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It can be shown that this scheme produces a matrix A that has negative entries along the
diagonal, and weakly positive entries outside of it, as well as rows that sum up to 0. Note
that this scheme is essentially replicating what a standard scheme would do with (OA.E.4) if
the states were (g, z), but that representation does not have cross partials. Thus, using the
simple structure of this problem, I can sidestep dealing with arbitrary cross-partials, which
would introduce additional complications.

From the above discussion we can construct an A matrix (N, N, x N,N,) that properly
approximates L[V] = —uV, —n(z —2)V, + %Z(X/Zz) on a joint grid for X and Z, where now v
stacks all the values for V (z, z), in the following order: the vector V' (z, z1) (for all values of
x) comes first, then V(z, 29), and so on. Given that, the algorithm has the same structure

as Algorithm OA.1, with a few changes to accommodate some new objects.

Algorithm OA.2. Value Function Iteration: Two States. Before starting the main
loop, precompute the NN, x N,N, matrices A and B = (p + 1/A)I — A. The matrix
A corresponds to an appropriate finite difference approximation of the operator L[V] =

0. Then, for any given

—uVy—n(z —2)V, + %Z(VZZ) Initialize the algorithm with a guess v
quess v":

i) For each value of z;, compute v;" = max, v} (z).

i) Compute the expected value of adjusting for each v}, El'; = S(\)I’ max{v;’" — 1 —
vp;, 03dG ().

i) Stacking v™ as explained above, construct S™ = Kron(v*" 1y,x1) — ¥ and ¢" =
BS™ —v"/A; — (7 + kE™). Find the solution to the LCP (OA.E.1)-(OA.E.3) using an LCP
solver with B and q". Denote the solution z™.
P = p.

iv) Update the value function to v = 2" + S™. Compute Error = max; |v

If Error is below tolerance, stop. Otherwise, return to step i).

Algorithm OA.2 explains how to solve for v in the two-state case. The tolerance is set
to 1075, I replace the computation of v* with a simple maximization, given that there is
no control cost, and the only remaining difference is how to construct the matrices A and
B. The solution yields a value function v evaluated at the gridpoints, reset values v} and
the operator A. One can obtain optimal reset points x} in a variety of ways. I choose to
maximize v;(z) where I interpolate between gridpoints using splines, as in each iteration of

the value-function solver. This yields z} that are not necessarily on the grid.

HAzARD FUNCTION. It is computed exactly as above, using A(z, z) = A;; = & ZkNi’l lv;g_wk_vi’PoProb(@/) -
Yr), and setting it to A;; = 1/A, in the adjustment region. This means that the probability
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of changing prices in an interval A; is A(z,z)At. This object is a vector, stacked across

states in the same way as before.

RESET POINT. I create a matrix dF;; that approximates the probability of landing at 4
after resetting with productivity j. Given that the reset point is not necessarily on the grid,
I simply divide the mass linearly between the two nearest gridpoints, that is, if z; ; < x} <
Tiy1,; then dFjy, ; = %, dF;; =1—dFj;, , and dFy,; = 0 for all other k.

STATIONARY DISTRIBUTION, PRICE CHANGES, AND REGRESSION COEFFICIENTS. I use
a procedure similar to the one above, but the operator that accounts for jumps must be
modified. In particular, define A = diag(vec(A)), a diagonal matrix that has the vectorized
version of A along the diagonal, and dF = diag(vec(dF)) as the analogous diagonal matrix for
the reset points. Define also Ap = diag(1n,x1Me 1, .., In, x1Ae n.), a block diagonal matrix
where block j is given by the row vector A, ; stacked vertically N, times. Now the C' matrix

is given by:

Given this, we can find the stationary distribution by iterating on ¢"*! = C(I — ATA)"1g,
from a gy that sums up to one, exactly as before. Given the stationary distribution, we can

compute the following moments of interest:

1. The distribution of x conditional on a price change at time t is g = A. = gP"¢/(A'g?"®)
where ¢g'"¢ = (I — ATAt)™!g is the distribution after idiosyncratic shocks hit but before
any price adjustment was made, A. = ¢P™¢ is the elementwise product of A and ¢gP™¢. Also
let g denote the matrix version of g, i.e., we order rows and columns to correspond to

values of  and z.

2. The frequency of price changes at each A; is f = A;A'gP™, and thus the number of
price changes per period is N = f/A,.

3. In order to compute the density of price changes, note that Ap = 2*(z) — z. For each
fixed 2, I compute a 2N, —1 vector of the joint probability of z = z; and a price change

of size Ap; occurring as:

Prob(Ap = Ap;, z = z;) = (dF, ; « flip(g. ;))[n],
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where (dF, j+flip(g. ;))[n] is the discrete convolution between vectors dF, ; and flip(g. ;)
(where flip(g. ;) means that we take g, ; and reverse the order of the indices). The price
changes Ap; are on a grid that spans from 2z; to 2z, , with the same A, increment.
Given this, we can compute the unconditional distribution of price changes by simply
summing across z; as Prob(Ap = Ap;) = Z;VZI Prob(Ap = Ap;, z = z;). Once I have
that discrete distribution, computing sizes of price changes, variance, kurtosis, and

other moments is straightforward.
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